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Abstract. This paper introduces the notion of local spectral expansion of
a simplicial complex as a possible analogue of spectral expansion defined for
graphs. We show the condition of local spectral expansion has several nice im-
plications. For example, for a simplicial complex with local spectral expansion
we show vanishing of cohomology with real coefficients, Cheeger type inequali-
ties and mixing type results and geometric overlap results.
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1 Introduction
Let G = (V,E) be a finite graph without loops or multiple edges. For a vertex
u ∈ V , denote by m(u) the valency of u, i.e.,
m(u) = |{(u, v) ∈ E}|.
The Cheeger constant of the graph defined as follows: for ∅ 6= U ⊆ V , denote
m(U) =
∑
u∈U
m(u).
The Cheeger constant of G, h(G), is
h(G) = min
m(U)≤ 12m(V )
|{(u, v) ∈ E : u ∈ U, v ∈ V \ U}|
m(U)
.
Note that if G is connected, then h(G) > 0 and that for any graph G, h(G) ≤ 1.
For ε > 0, a graph G is called a ε-expander if h(G) ≥ ε. The intuition behind
this definition is that the larger the ε, the more connected the graph. Next,
we’ll recall the notion of an family of expanders. A family of graphs, {Gj}j∈N
is called a family of expanders if there is a ε > 0 such that
∀j ∈ N, h(Gj) ≥ ε.
For applications, one is usually interested in a family of expanders with constant
valency (i.e., ∃k, ∀j, ∀u ∈ Vj ,m(u) = k) or at least uniformly bounded valency
(i.e., ∃k, ∀j, ∀u ∈ Vj ,m(u) ≤ k).
An equivalent definition of a family of expanders is relies on the graph Lapla-
cian. Recall that the (normalized) Laplacian on G is a positive operator L on
L2(V,R) defined by the matrix
L(u, v) =

1 u = v
− 1√
m(u)m(v)
(u, v) ∈ E
0 otherwise
If G is connected then L has the eigenvalue 0 with multiplicity 1 (the eigenvector
is the constant function) and all other the eigenvalues are positive. Denote by
λ(G) the smallest positive eigenvalue of L of G. λ(G) is often referred to as the
spectral gap of G. spectral gap of G and its Cheeger constant are connected
through the inequalities:
h(G)2
2
≤ λ(G) ≤ 2h(G).
(for proof, see for instance [Chu96][Lemma 2], [Chu96][Theorem 1]). Thus an
equivalent definition of a family of expanders is as follows: a family of graphs
{Gj}j∈N is a family of expanders if all the graphs Gj are connected and there
is λ > 0 such that
∀j ∈ N, λ(Gj) ≥ λ.
For some applications one is interested not just λ(G) but also in the largest
eigenvalue of L, denoted here as κ(G). For λ > 0, κ < 2, we shall call G a
two-sided (λ, κ) expander if
λ(G) ≥ λ, κ(G) ≤ κ.
A (λ, κ) expander has ”nice” properties (such as mixing) when λ, κ are both
close to 1.
In recent years, expanders had vast applications in pure and applied math-
ematics (see [Lub12]). This fruitfulness of the theory of expander graph, raises
the question - what should be the high dimensional analogue of expanders?, i.e.,
what is the analogous definition of an expander complex when one considers a
n-dimensional simplicial complex, X , instead of a graph. In [Lub13] two main
approaches are suggested:
The first is through the F2-coboundary expansion of X originated in [LM06],
[MW09] and [Gro10]. The second is through studying the spectral gap of the
(n − 1)-Laplacian of X (where n is the dimension of X) or the spectral gaps
of all 0, .., (n − 1)-Laplacians of X (see [PRT12], [Par13]). One of the difficul-
ties with both approached are that both the F2-coboundary expansion and the
spectral gap of the n− 1-Laplacian are usually hard to calculate or even bound
in examples.
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This paper suggests a new approach that we call ”local spectral expansion”
(or 1-dimensional spectral expansion). Recall that for a simplicial complex X of
dimension n and a simplex {u0, ..., uk} ∈ X(k), the link of {u0, ..., uk} denoted
X{u0,...,uk} is a simplicial complex of dimension ≤ n− k − 1 defined as:
X
(j)
{u0,...,uk} = {{v0, ..., vj} ∈ X
(j) : {u0, ..., uk, v0, ..., vj} ∈ X(k+j+1)}.
Note that if X is pure n dimensional (i.e., every simplex of X is a face of a
simplex of dimension n), then X{u0,...,uk} is of dimension exactly n − k − 1.
Next, we can turn to define local spectral expansion:
Definition 1.1. For λ > n−1
n
, a pure n-dimensional simplicial complex will be
said to have λ-local spectral expansion if:
• X and all its links (in all dimensions > 0) are connected.
• Every 1-dimensional link of X has a spectral gap ≥ λ, i.e.,
∀{u0, ..., un−2} ∈ X(n−2), λ(X{u0,...,un−2}) ≥ λ.
For λ > n−1
n
, κ < 2, a pure n-dimensional simplicial complex will be said to
have two sided (λ, κ)-local spectral expansion if:
• X and all its links (in all dimensions > 0) are connected.
• The non zero spectrum of every 1-dimensional link is contained in the
interval [λ, κ], i.e.,
∀{u0, ..., un−2} ∈ X(n−2), λ(X{u0,...,un−2}) ≥ λ, κ(X{u0,...,un−2}) ≤ κ.
We remark that for n = 1, both of the above definitions coincide with the
usual definitions for graphs, using the convention X(−1) = {∅} and therefore
X∅ = X .
A main advantage of the above definition is that the spectrum of the 1-
dimensional links is usually easy to bound or even calculate explicitly in exam-
ples. In this paper we shall show that the local spectral expansion has interesting
implications, specifically, we shall show that local spectral expansion implies
1. Vanishing of cohomology with real coefficients.
2. Spectral gaps of various Laplacians.
3. Cheeger-type inequalities.
4. Mixing type results and geometric overlap in the case of partite complexes
(see definitions below).
We shall also show that two-sided local spectral expansion implies mixing-type
results and geometric overlap. All these implications require extra terminology
and therefore we shall overview them in the next section.
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Remark 1.2. Theorem 2.1 below actually shows that the above assumption
of local spectral expansion is actually more restrictive than the assumption of
spectral gaps in all the Laplacians assumed in [Par13], given the one normalizes
the Laplacians appropriately (see below). Indeed, all of our results stand if one
replaces the assumptions on the spectra of all 1-dimensional links to suitable
assumptions on the spectra of all the Laplacians (this should be done carefully
in some cases, such as in the partite simplcial complex case). However, we still
find the assumption suggested above appealing because of its compact nature.
One may think of the notion of local spectral expansion suggeted above as a
Zuk-type criterion for high dimensional expansion.
Structure of this paper. Section 2 is devoted to an overview of the main
results of this paper. Section 3 lays out the framework and notations. Section
4 discusses links of simplcial complexes and the concepts of localization and
restriction. Section 5 gives results about spectral gaps of Laplacians. Section
6 contains definitions about graphs which can be derived for a simplicial com-
plex and random walks on these graph. Section 7 is devoted to stating and
proving Cheeger-type inequalities for simplicial complexes with local spectral
expansion. Section 8 is devoted to stating and proving mixing-type results for
simplicial complexes with two-sided local spectral expansion and partite com-
plexes with local spectral expansion. Section 9 provides a proof of geometric
overlapping property based on local spectral expansion. Section 10 includes
some examples of (families of) complexes with local spectral expansion. The
appendix is devoted to a slight generalization of a result by Pach needed in the
proof of geometric overlap.
2 Overview of main results
Throughout this section, let X be a pure n-dimensional simplicial complex such
that all the links of X (including X itself, excluding 0-dimensional links) are
connected. To state our results we need to introduce the following function,
which we call the homogeneous weight function:
m :
n⋃
k=0
X(k) → R+,
∀0 ≤ k ≤ n, ∀τ ∈ X(k),m(τ) = (n− k)! |{σ ∈ X(n) : τ ⊆ σ}|.
Up to a normalization by a factor, m is just the function counting for every
simplex τ how many n-dimensional simplexes contain τ as a face. Note that
since X is pure n-dimensional, we get that m(τ) > 0 for every τ . Also note that
when X is 1-dimensional, then m is just the function assigning 1 to each edge
and the valency to each vertex.
We remark that the function m is used to define the inner product of k-forms
and therefore our k-Laplacians of X , ∆+k ,∆
−
k ,∆k differ from those defined in
some other papers such as [PRT12].
We shall also need the following notation to state some of our results: for
0 ≤ k ≤ n given disjoint, non empty sets U0, ..., Uk ⊂ X(0), denote
m(U0, ..., Uk) =
∑
{u0,...,uk}∈X(k),u0∈U0,...,uk∈Uk
m({u0, ..., uk}).
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Next, we are ready to review our main results:
2.1 Cohomology vanishing and Laplacians spectral gaps
Theorem 2.1. Let X a pure n-dimensional simplicial complex with λ-local
spectral expansion (recall λ > n−1
n
). Then for every 0 ≤ k ≤ n− 1:
1. The reduced k-cohomology with real coefficients vanish, i.e.,H˜k(X,R) = 0.
2. The space of real k-forms (see definitions in section 3) admits a decompo-
sition
Ck(X,R) = ker(∆+k )⊕ ker(∆−k ).
3. There is a constant ak = ak(λ) such that the non trivial spectrum of ∆
+
k
is in [ak,∞), i.e.,
Spec(∆+k ) \ {0} ⊆ [ak,∞),
and such that limλ→1 ak(λ) = 1.
4. If in addition there is κ < 2 such that X has a two-sided (λ, κ)-local
spectral expansion, then there is a constant bk = bk(κ), such that
Spec(∆+k ) \ {0} ⊆ [ak, bk],
and such that limλ→1 bk(λ) = 1.
Remark 2.2. A version of this theorem can be traced back to the work of
Garland in [Gar73]. The theorem in [Gar73] is less quantitative and does not
give estimates on the spectral gaps (it also refers only to Tits-building and not
for general simplicial complexes). The interested reader can find a discussion
in the introduction section of [Opp12] comparing the result stated above to the
result in [Gar73] and similar results ([BS´97], [Z˙uk96], [DJ02], [Kas11],...). The
version stated here was already proven by the author in [Opp12] in a more
general setting, but for completeness, we’ll repeat the proof below.
2.2 Cheeger-type inequalities
To state the Cheeger-type results, we first redefine the 1-dimensional case. For
a graph G = (V,E) define
h0(G) = max
{
ε ≥ 0 : ∀∅ 6= U ⊆ V, εm(U)
m(V )
+
|{(u, v) ∈ E : u ∈ U, v ∈ V \ U}|
m(U)
≥ ε
}
.
It is not hard to show that for every G we have h0(G) ≤ 2h(G) (see propo-
sition 7.4) and that λ(G) ≤ h0(G) (see proposition 7.5), therefore
(h0(G))2
8
≤ h(G)
2
2
≤ λ(G) ≤ h0(G).
This give justification to use h0(G) as the ”corrected” Cheeger constant, instead
of h(G). Reviewing the definition of h0(G) we can see two different measures of
regarding a set U ⊂ V :
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1. The expression m(U)
m(V ) which very informally can be described as a measure
on ”how much the set U is connected within itself with respect to the
whole graph”.
2. The expression |{(u,v)∈E:u∈U,v∈V \U}|
m(U) which very informally can be de-
scribed as a measure on ”how much the set U is connected to the outside
of it”.
Using the above reasoning, for 0 ≤ k ≤ n − 1 and non empty disjoint sets
U0, ..., Uk ⊂ X(0) we shall define
hkout(U0, ..., Uk) =

0 X(0) \⋃ki=0 Ui = ∅
m(U0, ..., Uk, X
(0) \⋃ki=0 Ui)
m(U0, ..., Uk)
otherwise
,
as the k-dimensional analogue of |{(u,v)∈E:u∈U,v∈V \U}|
m(U) . Note that for every
U0, ..., Uk ⊂ X(0), hkout(U0, ..., Uk) ∈ [0, 1]. We shall also define a k-dimensional
analogue of m(U)
m(V ) denoted as h
k
inner(U0, ..., Uk) ∈ [0, 1].
Alas, the definition of hkinner(U0, ..., Uk) is not straightforward: define the (hy-
per) graph Xk−1 as a graph with the vertex set X(k−1) and two vertices are
connected by an edge if their corresponding (k − 1)-dimensional simplices are
contained in a single k-simplex. The sets U0, ..., Uk defines a subgraph of Xk−1
denoted Xk(U0, ..., Uk). Xk(U0, ..., Uk) is defined in the following way - a vertex
is in Xk(U0, ..., Uk) if it matches a (k − 1)-simplex {u0, ..., uk−1} such there is
some 0 ≤ i ≤ k such that
u0 ∈ U0, ..., ui−1 ∈ Ui−1, ui ∈ Ui+1, ..., uk−1 ∈ Uk.
An edge is in Xk(U0, ..., Uk) if it matches a k simplex {u0, ..., uk} such that
u0 ∈ U0, ..., uk ∈ Uk. Now define the following random walk: pick a vertex
in Xk(U0, ..., Uk) is random with respect to its weight (under the homogeneous
weight function) and preform a random walk of Xk−1 with respect to the homo-
geneous weight function (more detailed description can be found in definitions
6.13, 6.4 below). hinner(U0, ..., Uk) is the conditional probability that the 2-step
random walk described above stays in Xk(U0, ..., Uk) given that the 1-step ran-
dom walk described above stayed in Xk(U0, ..., Uk).
Under these definitions we define for an n dimensional simplicial complex
hk(X) = max{ε ≥ 0 : ∀∅ 6= U0, ..., ∅ 6= Uk ⊆ X(0) pairwise disjoint(
k
k + 1
+ ε
)
hkinner(U0, ..., Uk) +
1
k + 1
hkout(U0, ..., Uk) ≥ ε}.
After this set up, we are finally ready to state our Cheeger-type inequality:
Theorem 2.3. Let X a pure n-dimensional simplicial complex with λ-local
spectral expansion. Then for every 0 ≤ k ≤ n − 1 there is a εk = εk(λ) such
that hk(X) ≥ εk and such that limλ→1 εk(λ) = 1k+1 .
Remark 2.4. Cheeger-type inequalities for simplicial complexes where already
considered with respect to the (n − 1)-dimensional Laplacian - see for instance
[PRT12] and [GS14]. However, our treatment passing to hk(X) defined above
is, as far as we know, new.
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2.3 Mixing and geometric overlap
The expander mixing lemma is usually stated as:
Lemma 2.5 (Expander mixing lemma). Let G = (V,E) be a d-regular graph of
N vertices. For disjoint, non empty sets U0, U1 ⊂ V denote E(U0, U1) to be the
number of edges between U0 and U1. Then for every disjoint, non empty sets
U0, U1 ⊂ V one has∣∣∣∣E(U0, U1)− d|U0||U1|n
∣∣∣∣ ≤ dmax{1− λ, κ− 1}√|U0||U1|.
Note that since G is assumed to be d-regular, |U0|= m(U0)d , |U1|= m(U1)d .
Our version of the above lemma reads as follows:
Theorem 2.6. Let X a pure n-dimensional simplicial complex with two sided
(λ, κ)-local spectral expansion. Then for every 1 ≤ l ≤ n, there are continuous
functions El(λ, κ) and Al(λ, κ) (that can be worked out explicitly as a function
of λ, κ, l) such that
lim
(λ,κ)→(1,1)
Al(λ, κ) = 1, lim
(λ,κ)→(1,1)
El(λ, κ) = 0,
and such that for any non empty, disjoint sets U0, ..., Ul ⊂ X(0) the following
holds:∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣ ≤ El(λ, κ) min0≤i<j≤l√m(Ui)m(Uj).
and ∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣ ≤ El(λ, κ) (m(U0)...m(Ul)) 1l+1 .
Remark 2.7. The above result is very much inspired by the work in [Par13],
in which the author assumes spectral gaps for all 0, ..., (n − 1)-Laplacians and
deduces a mixing analogue of the mixing lemma for an n-dimensional simplicial
complex. Our treatment is very similar to the one taken in [Par13], since as
stated in theorem 2.1 above, our assumption on the links implies spcetral gaps
in all 0, ..., (n−1)-Laplacians when those are normalizes according to the weight
function m. However, one should note that there are major differences in the end
results emanating from the fact that our Laplacian are normalized with respect
to m (for instance, we get tighter bounds on the difference in the absolute value).
From the above mixing result one can deduce the property of geometric
overlap (see definition 9.2) below:
Theorem 2.8. Let X be a pure n-dimensional simplicial complex. There is
a continuous function ε(λ, κ) : [0, 1] × [1, 2] → R such that ε(1, 1) > 0 and
such that for a simplicial complex with a ”good enough” two sided (λ, κ)-local
spectral expansion (”good enough” means that λ and κ are close enough to 1),
then ε(λ, κ) > 0 and X has ε(λ, κ)-geometric overlap.
Remark 2.9. The method on passing from a mixing type result to geometric
overlap is taken from [Par13] and [FGL+12] (we claim no originality here). The
main idea is to use a theorem of Pach in [Pac98]. We had do slightly adapt the
result in [Pac98] to our weighted setting and this was done in the appendix.
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2.4 Mixing and geometric overlap for partite simplicial
complexes
Recall that a graph (V,E) is called bipartite if the vertex set V can be par-
titioned into two sides S0, S1 such that E ⊆ {{u, v} : u ∈ S0, v ∈ S1}. The
spectrum of a bipatite graph is symmetric around 1 and the version of the mix-
ing lemma for bipartite graphs uses this property and can be deduced only from
the spectral expansion (and not the two-sided spectral expansion). Generalizing
to higher dimension, we shall say that a pure n-dimensional simplicial complex
X is (n + 1)-partite, if X(0) can be partitioned into n + 1 sets S0, ..., Sn such
that
X(n) ⊆ {{u0, ..., un} : u0 ∈ S0, ..., un ∈ Sn}.
Our version of mixing for (n+ 1)-partite simplicial complexes reads as follows:
Theorem 2.10. Let X be a pure n-dimensional, (n+1)-partite simplicial com-
plex such that all the links of X of dimension > 0 are connected. Denote by
S0, ..., Sn the sides of X. If X has λ-local spectral expansion then for every
1 ≤ l ≤ n, there is a continuous function El(λ) such that
lim
λ→1
El(λ) = 0,
and such that every non empty disjoint sets U0 ⊆ S0, ..., Ul ⊆ Sl the following
inequalities holds:∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤ El(λ) min
0≤i<j≤l
√
m(Ui)m(Uj)
m(Si)m(Sj)
,
and ∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤ El(λ)
(
m(U0)...m(Ul)
m(S0)...m(Sl)
)
) 1
l+1
.
Remark 2.11. Mixing results for partite Ramanujan complexes were already
proven in [FGL+12] and [EGL14]. The treatment in those papers was very dif-
ferent and relied on quantitative estimate for Kazhdan property (T) of PGLn(F ).
Our treatment relays only on spectral gap estimates and therefore applies to any
partite simplicial complex.
From the above mixing result one can deduce the property of geometric
overlap (see remark 2.9 above):
Theorem 2.12. Let X be a pure n-dimensional, (n+1)-partite simplicial com-
plex. There is a continuous function ε(λ) : [0, 1] → R such that ε(1) > 0 and
such that for a simplicial complex with a ”good enough” λ-local spectral expan-
sion (”good enough” means that λ is close enough to 1), we have that ε(λ) > 0
and that X has ε(λ)-geometric overlap.
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This theorem can be used to prove that partite quotients of affine buildings
of type A˜n have geometric overlap property, given that the thickness of the
building is large enough (a different proof of this fact was already given in in
[FGL+12]). It can also be used to prove that partite quotients of affine buildings
of any type have geometric overlap property given that the building thickness
is large enough (this was conjectured in [Lub13], but as far as we know, we are
the first to provide a proof).
3 framework
The framework suggested here owes its existence to the framework suggested
in [BS´97]. Throughout this paper, X is pure n-dimensional finite simplicial
complex, i.e., every simplex in X is contained in at least one n-dimensional
simplex.
3.1 Weighted simplicial complexes
Our results in the previous section were stated for a specific function m. How-
ever, the function m define above is only one example of a weight function on X .
Since our results extend to any weight function, we shall work with the general
definition of a weighted simplicial complex defined below and we shall refer to
the specific function m we used in the previous section the homogeneous weight
function.
For −1 ≤ k ≤ n, denote:
• X(k) is the set of all k-simplices in X .
• Σ(k) the set of ordered k-simplices, i.e., σ ∈ Σ(k) is an ordered (k + 1)-
tuple of vertices that form a k-simplex in X .
Note the Σ(−1) = X(−1) is just the singleton {∅}.
Definition 3.1. A simplicial complex X is called weighted if there is a strictly
positive function m :
⋃
−1≤k≤nX
(k) → R+ (called the weight function) such
that for every −1 ≤ k ≤ n− 1, we have the following equality∑
σ∈X(k+1),τ⊂σ
m(σ) = m(τ),
where τ ⊂ σ means that τ is a face of σ.
Given a weight function m we can define it on ordered simplices (denoting
it again as m) as
m((v0, ..., vk)) = m({v0, ..., vk}), ∀(v0, ..., vk) ∈
⋃
−1≤k≤n
Σ(k).
By the definition of m, we have the following equality:
∀τ ∈
⋃
−1≤k≤n−1
Σ(k),
∑
σ∈Σ(k+1),τ⊂σ
m(σ) = (k + 2)!m(τ),
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where τ ⊂ σ means that all the vertices of τ are contained in σ (with no
regard to the ordering). We note that under this equality one can start with a
strictly positive function m :
⋃
−1≤k≤nΣ(k) → R+ and get a weight function
m :
⋃
−1≤k≤nX
(k) → R+:
Proposition 3.2. Let m :
⋃
−1≤k≤nΣ(k) → R+ be a strictly positive function
such that:
1. For every 1 ≤ k ≤ n, and every permutation pi ∈ Sym({0, .., k}) we have
m((v0, ..., vk)) = m((vpi(0), ..., vpi(k))), ∀(v0, ..., vk) ∈ Σ(k).
2.
∀τ ∈
⋃
−1≤k≤n−1
Σ(k),
∑
σ∈Σ(k+1),τ⊂σ
m(σ) = (k + 2)!m(τ).
Then m :
⋃
−1≤k≤nX
(k) → R+ defined as
m({v0, ..., vk}) = m((v0, ..., vk)), ∀{v0, ..., vk} ∈
⋃
−1≤k≤n
X(k),
is a weight function.
Proof. Trivial.
Remark 3.3. From the definition of the weight function m, it should be clear
that every map m : X(n) → R+ can be extended in a unique way to a weight
function m :
⋃
−1≤k≤nX
(k) → R+.
Definition 3.4. m is called the homogeneous weight on X if for every σ ∈ X(n),
we have m(σ) = 1.
Proposition 3.5. For every −1 ≤ k ≤ n and every τ ∈ X(k) we have that
1
(n− k)!m(τ) =
∑
σ∈X(n),τ⊆σ
m(σ),
where τ ⊆ σ means that τ is a face of σ.
Proof. The proof is by induction. For k = n this is obvious. Assume the equality
is true for k + 1, then for τ ∈ X(k) we have
m(τ) =
∑
σ∈X(k+1),τ⊂σ
m(σ)
=
∑
σ∈X(k+1),τ⊂σ
(n− k − 1)!
∑
η∈X(n),σ⊂η
m(η)
= (n− k)(n− k − 1)!
∑
η∈X(n),τ⊂η
m(η)
= (n− k)!
∑
η∈X(n),τ⊂η
m(η).
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Corollary 3.6. For every −1 ≤ k < l ≤ n and every τ ∈ X(k) we have
1
(l − k)!m(τ) =
∑
σ∈X(l),τ⊂σ
m(σ).
Proof. For every σ ∈ X(l) we have
1
(n− l)!m(σ) =
∑
η∈X(n),σ⊆η
m(η).
Therefore∑
σ ∈X(l),τ⊂σ
m(σ) =
∑
σ∈X(l),τ⊂σ
(n− l)!
∑
η∈X(n),σ⊆η
m(η)
=
(n− k)!
(l − k)! (n− k − (l − k))! (n− l)!
∑
η∈X(n),τ⊆η
m(η)
=
(n− k)!
(l− k)!
∑
η∈X(n),τ⊆η
m(η)
=
1
(l − k)!m(τ).
From now on, we shall always assume that X is weighted.
3.2 Cohomology with real coefficients
For −1 ≤ k ≤ n, denote
Ck(X,R) = {φ : Σ(k)→ R : φ is antisymmetric}.
We recall that φ : Σ(k) → R is called antisymmetric, if for every (v0, ..., vk) ∈
Σ(k) and every permutation pi ∈ Sym({0, ..., k}), we have
φ((vpi(0), ..., vpi(k))) = sgn(pi)φ((v0, ..., vk)).
Every φ ∈ Ck(X,R) is called a k-form, and Ck(X,R) is called the space of
k-forms.
For −1 ≤ k ≤ n define an inner product on Ck(X,R) as:
∀φ, ψ ∈ Ck(X,R), 〈φ, ψ〉 =
∑
τ∈Σ(k)
m(τ)
(k + 1)!
φ(τ)ψ(τ).
Note that with this inner product Ck(X,R) is a (finite dimensional) Hilbert
space. Denote the norm induced by this inner product as ‖.‖. For−1 ≤ k ≤ n−1
define the differential dk : C
k(X,R) → Ck+1(X,R) in the usual way, i.e., for
every φ ∈ Ck(X,R) and every (v0, ..., vk+1),
(dkφ)((v0, ..., vk+1)) =
k+1∑
i=0
(−1)iφ((v0, ..., v̂i, ..., vk+1)).
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One can easily check that for every 0 ≤ k ≤ n− 1 we have that dk+1dk = 0 and
therefore we can define the cohomology in the usual way:
Hk(X,R) =
ker(dk)
im(dk−1)
.
Next, we describe the discrete Hodge theory in our setting. Define δk : C
k+1(X,R)→
Ck(X,R) as the adjoint operator of dk (with respect to the inner product we de-
fined earlier on Ck(X,R), Ck−1(X,R)). Define further operators ∆+k ,∆
−
k ,∆k :
Ck(X,R)→ Ck(X,R) as
∆+k = δkdk,∆
−
k = dk−1δk−1,∆k = ∆
+
k +∆
−
k .
The operators ∆+k ,∆
−
k ,∆k are called the upper Laplacian, the lower Laplacian
and the full Laplacian. The reader should note that by definition, all these
operators are positive (i.e., self-adjoint with a non negative spectrum).
Proposition 3.7. For every 1 ≤ k ≤ n− 1 we have that
Hk(X,R) = ker(∆k),
and
Spec(∆+k−1) \ {0} ⊆ [a, b]⇔ Spec(∆−k ) \ {0} ⊆ [a, b],
where Spec(∆+k−1), Spec(∆
−
k ) are the spectrum of ∆
+
k−1,∆
−
k .
Proof. Notice that since d∗k = δk we have the following:
im(∆+k ) = (ker(∆
+
k ))
⊥ = (ker(dk))⊥ = im(δk),
im(∆−k ) = (ker(∆
−
k ))
⊥ = (ker(δk−1))⊥ = im(dk−1).
Therefore, we have an orthogonal decomposition
ker(dk) = ker(∆
+
k ) =
(
ker(∆+k ) ∩ ker(∆−k )
)⊕ im(∆−k ) = ker(∆k)⊕ im(dk−1).
Which yields thatHk(X,R) = ker(∆k). ker(∆k) is called the space of harmonic
k-forms on X . Also notice that due to the fact that ∆+k−1 = δk−1dk−1,∆
−
k =
dk−1δk−1, we have
Spec(∆+k−1) \ {0} ⊆ [a, b]⇔ Spec(∆−k ) \ {0} ⊆ [a, b],
The next proposition gives an explicit formula for δk,∆
+
k ,∆
−
k :
Proposition 3.8. 1. Let −1 ≤ k ≤ n−1 then: δk : Ck+1(X,R)→ Ck(X,R)
is
δkφ(τ) =
∑
v∈Σ(0)
vτ∈Σ(k+1)
m(vτ)
m(τ)
φ(vτ), τ ∈ Σ(k)
where vτ = (v, v0, ..., vk) for τ = (v0, ..., vk).
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2. For 0 ≤ k ≤ n− 1, φ ∈ Ck(X,R) and σ ∈ Σ(k),
∆+k φ(σ) = φ(σ) −
∑
v∈Σ(0)
vσ∈Σ(k+1)
∑
0≤i≤k
(−1)im(vσ)
m(σ)
φ(vσi).
3. For 0 ≤ k ≤ n, φ ∈ Ck(X,R) and σ ∈ Σ(k),
∆−k φ(σ) =
k∑
i=0
(−1)i
∑
v∈Σ(0),vσi∈Σ(k)
m(vσi)
m(σi)
φ(vσi).
Proof. 1. For σ ∈ Σ(k + 1) and τ ⊂ σ, τ ∈ Σ(k) denote by [σ : τ ] the
incidence coefficient of τ with respect to σ, i.e., if σi has the same vertices
as τ then for every ψ ∈ Ck(X,R) we have [σ : τ ]ψ(τ) = (−1)iψ(σi). Take
φ ∈ Ck+1(X,R) and ψ ∈ Ck(X,R), then we have
〈dψ, φ〉 =
∑
σ∈Σ(k+1)
m(σ)
(k + 2)!
(
k+1∑
i=0
(−1)iψ(σi)
)
φ(σ)
=
∑
σ∈Σ(k+1)
m(σ)
(k + 1)! (k + 2)!
 ∑
τ∈Σ(k),τ⊂σ
[σ : τ ]ψ(τ)
 φ(σ)
=
∑
σ∈Σ(k+1)
m(τ)
(k + 1)!
∑
τ∈Σ(k),τ⊂σ
ψ(τ)
(
[σ : τ ]m(σ)
m(τ)(k + 2)!
φ(σ)
)
=
∑
τ∈Σ(k)
m(τ)
(k + 1)!
∑
σ∈Σ(k+1),τ⊂σ
ψ(τ)
(
[σ : τ ]m(σ)
m(τ)(k + 2)!
φ(σ)
)
=
∑
τ∈Σ(k)
m(τ)
(k + 1)!
ψ(τ)
 ∑
σ∈Σ(k+1),τ⊂σ
[σ : τ ]m(σ)
m(τ)(k + 2)!
φ(σ)

=
∑
τ∈Σ(k)
m(τ)
(k + 1)!
ψ(τ)
 ∑
v∈Σ(0),vτ∈Σ(k+1)
m(vτ)
m(τ)
φ(vτ)

=
〈
ψ,
∑
v∈Σ(0),vτ∈Σ(k+1)
m(vτ)
m(τ)
φ(vτ)
〉
.
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2. For every φ ∈ Ck(X,R) and every σ ∈ Σ(k) we have:
δdφ(σ) =
∑
v∈Σ(0)
vσ∈Σ(k+1)
m(vσ)
m(σ)
dφ(vσ)
=
∑
v∈Σ(0)
vσ∈Σ(k+1)
m(vσ)
m(σ)
φ(σ)
−
∑
v∈Σ(0)
vσ∈Σ(k+1)
∑
0≤i≤k
(−1)im(vσ)
m(σ)
φ(vσi)
=
∑
γ∈Σ(k+1)
σ⊂γ
m(γ)
(k + 2)!m(σ)
φ(σ)
−
∑
v∈Σ(0)
vσ∈Σ(k+1)
∑
0≤i≤k
(−1)im(vσ)
m(σ)
φ(vσi)
= φ(σ) −
∑
v∈Σ(0)
vσ∈Σ(k+1)
∑
0≤i≤k
(−1)im(vσ)
m(σ)
φ(vσi).
3. For every φ ∈ Ck(X,R) and every σ ∈ Σ(k) we have:
dδφ(σ) =
k∑
i=0
(−1)iδφ(σi) =
k∑
i=0
(−1)i
∑
v∈Σ(0),vσi∈Σ(k)
m(vσi)
m(σi)
φ(vσi).
Note that by the above proposition, we have for every φ ∈ C0(X,R) that
δ−1φ(∅) =
∑
v∈Σ(0)
m(v)
m(∅)φ(v),
and
∀u ∈ Σ(0),∆−0 φ(u) = δ0φ(∅).
Proposition 3.9. For every φ ∈ C0(X,R), 〈∆−0 φ, φ〉 = ‖δ−1φ‖2= ‖∆−0 φ‖2.
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Proof. For every φ ∈ C0(X,R) we have
〈
∆−0 φ, φ
〉
=
∑
u∈Σ(0)
m(u)
 ∑
v∈Σ(0)
m(v)
m(∅)φ(v)
 φ(u)
=
 ∑
v∈Σ(0)
m(v)
m(∅)φ(v)
 ∑
u∈Σ(0)
m(u)φ(u)
= m(∅)
 ∑
v∈Σ(0)
m(v)
m(∅)φ(v)
2
= ‖δ−1φ‖2.
Also note that
‖δ−1φ‖2= m(∅)
 ∑
v∈Σ(0)
m(v)
m(∅)φ(v)
2 = ∑
u∈Σ(0)
m(u)
 ∑
v∈Σ(0)
m(v)
m(∅)φ(v)
2 = ‖∆−0 φ‖2.
Proposition 3.10. For every φ ∈ C0(X,R), ∆−0 φ is the projection of φ on the
space of constant 0-forms.
Proof. Let 1 ∈ C0(X,R) be the constant function 1(u) = 0, ∀u ∈ Σ(0). Then
the projection of φ on the space of constant 0-forms is given by
〈φ,1〉
‖1‖2 1. Note
that
‖1‖2=
∑
v∈Σ(0)
m(v) = m(∅),
〈φ,1〉 =
∑
v∈Σ(0)
m(v)φ(v).
Therefore for every u ∈ Σ(0),
〈φ,1〉
‖1‖2 1(u) =
∑
v∈Σ(0)
m(v)
m(∅)φ(v) = ∆
−
0 (u).
Define the reduced cohomology H˜k(X,R) as H˜k(X,R) = Hk(X,R) for k > 0
and H˜k(X,R) = ker(∆−0 ) ∩ ker(∆+0 ).
Remark 3.11. Note that since m is positive on every simplex, we get that if X
is connected, then ker(∆+0 ) is the space of constant functions and H˜
k(X,R) = 0.
Also note that in the case that X is a graph (i.e., a 1-dimensional simplicial
complex) and m is homogeneous, then ∆+0 is just the usual graph Laplacian.
Remark 3.12. We remark that for ∆+0 one always have ‖∆+0 ‖≤ 2, where ‖.‖
here denotes the operator norm (we leave this calculation to the reader). We also
remark that the largest eigenvalue of ∆+0 is always larger than 1. This can be
seen easily when thinking about ∆+0 in matrix form: it is a matrix with 1 along
the diagonal and 0 as an eigenvalue. Since the trace of ∆+0 as a matrix is equal
to the sum of eigenvalues, we can deduce it must have at least one eigenvalue
strictly larger than 1.
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From now on, when there is no chance of confusion, we will omit the index
of dk, δk,∆
+
k ,∆
−
k ,∆k and just refer to them as d, δ,∆
+,∆−,∆.
3.3 partite simplicial complexes
In important source of examples of simplicial complexes which act like bipartite
expander graphs comes from (n+ 1)-partite simplicial complexes:
Definition 3.13. An n-dimensional simplicial complex X will be called (n+1)-
partite, if there is a disjoint partition X(0) = S0 ∪ ... ∪ Sn such that for every
u, v ∈ X(0),
{u, v} ∈ X(1) ⇒ ∃0 ≤ i, j ≤ n, i 6= j, u ∈ Si, v ∈ Sj .
If X is pure n-dimensional, the above condition is equivalent to the following
condition:
{u0, ..., un} ∈ X(n) ⇒ ∃pi ∈ Sym({0, ..., n}), ∀0 ≤ i ≤ n, ui ∈ Spi(i).
We shall call S0, ..., Sn the sides of X.
Let X be a pure n-dimensional, weighted, (n+1)-partite simplicial complex
with sides S0, ..., Sn as in the above definition. We shall define the following
operators:
For 0 ≤ j ≤ n and −1 ≤ k ≤ n− 1, define
d(k,j) : C
k(X,R)→ Ck+1(X,R),
as following:
d(k,j)φ((v0, ..., vk+1)) =
{
0 v0 /∈ Sj , ..., vk+1 /∈ Sj
(−1)iφ((v0, ..., v̂i, ..., vk+1)) vi ∈ Sj
.
Denote by δ(k,j) : C
k+1(X,R) → Ck(X,R) the adjoint operator to d(k,j) and
∆−(k,j) = d(k−1,j)δ(k−1,j).
Proposition 3.14. Let −1 ≤ k ≤ n, 0 ≤ j ≤ n, then for every φ ∈ Ck+1(X,R)
δ(k,j)φ(τ) =
∑
v∈Sj ,vτ∈Σ(k+1)
m(vτ)
m(τ)
φ(vτ).
Proof. Let φ ∈ Ck+1(X,R), ψ ∈ Ck, then〈
d(k,j)ψ, φ
〉
=
∑
σ∈Σ(k+1)
m(σ)
(k + 2)!
d(k,j)ψ(σ)φ(σ)
=
∑
σ=(v0,...,vk+1)∈Σ(k+1),vi∈Sj
m(σ)
(k + 2)!
(−1)iψ(σi)φ(σ)
=
∑
σ=(v0,...,vk+1)∈Σ(k+1),vi∈Sj
m(viσi)
(k + 2)!
ψ(σi)φ(viσi)
=
∑
τ∈Σ(k)
∑
v∈Sj
m(vτ)
(k + 1)!
ψ(τ)φ(vτ)
=
∑
τ∈Σ(k)
m(τ)
(k + 1)!
ψ(τ)
∑
v∈Sj
m(vτ)
m(τ)
φ(vτ)
 .
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A straightforward computation gives raise to:
Corollary 3.15. For every 0 ≤ k ≤ n, 0 ≤ j ≤ n and every φ ∈ Ck(X,R) we
have that
∆−(k,j)φ(σ) =
0 σ = (v0, ..., vk), ∀i, vi /∈ Sj(−1)i∑v∈Sj ,vσi∈Σ(k) m(vσi)m(σi) φ(vσi) σ = (v0, ..., vk), vi ∈ Sj .
4 Links of X
Let {v0, ..., vj} = τ ∈ X(j), denote by Xτ the link of τ in X , that is, the (pure)
complex of dimension n − j − 1 consisting on simplices σ = {w0, ..., wk} such
that {v0, ..., vj}, {w0, ..., wk} are disjoint as sets and {v0, ..., vj} ∪ {w0, ..., wk} ∈
X(j+k+1). Note that for ∅ ∈ Σ(−1), X∅ = X .
For an ordered simplex (v0, ..., vj) ∈ Σ(k) define X(v0,...,vj) = X{v0,...,vj}.
Throughout this article we shall assume that all the links of X of dimension > 0
are connected .
Next, we’ll basically repeat the definitions that we gave above for X :
For 0 ≤ k ≤ n− j − 1, denote by Στ (k) the set of ordered k-simplices in Xτ .
Define the function mτ :
⋃
0≤k≤n−j−1 Στ (k)→ R+ as
∀σ ∈ Στ (k),mτ (σ) = m(τσ),
where τσ is the concatenation of τ and σ, i.e., if τ = (v0, ..., vj), σ = (w0, ..., wk)
then τσ = (v0, ..., vj , w0, ..., wk).
Proposition 4.1. The function mτ defined above follows the conditions stated
in proposition 3.2, i.e., mτ is a weight function of Xτ .
Proof. The fact that mτ is invariant under permutation is obvious, therefore we
are left to check that for every η ∈ Στ (k) we have∑
σ∈Στ (k+1),η⊂σ
mτ (σ) = (k + 2)!mτ (η).
For η ∈ Στ (k) we have by definition∑
σ ∈Στ (k+1),η⊂σ
mτ (σ) =
∑
σ∈Στ (k+1),η⊂σ
m(τσ)
=
∑
γ∈Σ(j+k+2),τη⊂γ
(k + 2)!
(j + k + 3)!
m(γ)
=
= (k + 2)!m(τη) = (k + 2)!mτ (η).
We showed that Xτ is a weighted simplicial complex with the weight function
mτ and therefore we can repeat all the definitions given before for X . Therefore
we have:
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1. Ck(Xτ ,R) with the inner product on it.
2. Differential dτ,k : C
k(Xτ ,R)→ Ck+1(Xτ ,R), δτ,k = (dτ,k)∗.δτ,0.
3. ∆+τ,k = δτ,kdτ,k,∆
−
τ,k = dτ,k−1δτ,k−1,∆τ,k = ∆
+
τ,k +∆
−
τ,k.
From now on, when there is no chance of confusion, we will omit the index
of dτ,k, δτ,k,∆
+
τ,k,∆
−
τ,k,∆τ,k and just refer to them as dτ , δτ ,∆
+
τ ,∆
−
τ ,∆τ .
Remark 4.2. Notice that for an n-dimensional simplicial complex X, if m is
homogeneous, then for every τ ∈ Σ(n− 2), Xτ is a graph such that mτ assigns
the value 1 for every edge. In this case, ∆+τ,0 is the usual graph Laplacian.
We now turn to describe how maps Ck(X,R) induce maps on the links of X .
This is done in two different ways described below: localization and restriction.
4.1 Localization
Definition 4.3. For τ ∈ Σ(j) and j − 1 ≤ k ≤ n define the localization map
Ck(X,R)→ Ck−j−1(Xτ ,R), φ→ φτ ,
where φτ is defined by φτ (σ) = φ(τσ).
When φ ∈ Ck(X,R), k > 0, one can compute ‖φ‖2, ‖δφ‖2, ‖dφ‖2 by using all
the localizations of the form φτ , τ ∈ Σ(k− 1). This is described in the following
lemmas:
Lemma 4.4. For every 0 ≤ k ≤ n and every φ, ψ ∈ Ck(X,R), one has:
1.
(k + 1)! 〈φ, ψ〉 =
∑
τ∈Σ(k−1)
〈φτ , ψτ 〉 .
2. For τ ∈ Σ(k − 1),
k! 〈δφ, δψ〉 =
∑
τ∈Σ(k−1)
〈δτφτ , δτψτ 〉 .
Proof. 1. ∑
τ ∈Σ(k−1)
〈φτ , ψτ 〉
=
∑
τ∈Σ(k−1)
∑
u∈Στ (0)
mτ (u)φτ (u)ψτ (u)
= ∑
τ∈Σ(k−1)
∑
u∈Στ (0)
m(τu)φ(τu)ψ(τu)
=
∑
τ∈Σ(k−1)
∑
σ∈Σ(k),τ⊂σ
m(σ)
(k + 1)!
φ(σ)ψ(σ)
=∑
σ∈Σ(k)
m(σ)
(k + 1)!
φ(σ)ψ(σ)
∑
τ∈Σ(k−1),τ⊂σ
1
= (k + 1)! 〈φ, ψ〉 .
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2. For every φ, ψ ∈ Ck(X,R) and every τ ∈ Σ(k − 1),
〈δτφτ , δτψτ 〉
= mτ (∅)
 1
mτ (∅)
∑
v∈Στ (0)
mτ (v)φτ (v)
 1
mτ (∅)
∑
v∈Στ (0)
mτ (v)ψτ (v)

=m(τ)
 1
m(τ)
∑
v∈Σ(0),τv∈Σ(k)
m(τv)φ(τv)
 1
m(τ)
∑
v∈Σ(0),τv∈Σ(k)
m(τv)ψ(τv)

= m(τ)((−1)kδφ(τ))((−1)kδψ(τ))
= m(τ)(δφ(τ))(δψ(τ)),
and the equality in the lemma follows.
Lemma 4.5. For every 0 ≤ k ≤ n− 1 and every φ, ψ ∈ Ck(X,R), one has:
k! 〈dφ, dψ〉 =
∑
τ∈Σ(k−1)
(
〈dτφτ , dτψτ 〉 − k
k + 1
〈φτ , ψτ 〉
)
.
Proof. For k = 0, there is only ∅ ∈ Σ(−1) and φ∅ = φ, ψ∅ = ψ, d∅ = d and the
lemma is trivial. Assume that 1 ≤ k ≤ n− 1. For (v0, ..., vk+1) = σ ∈ Σ(k + 1)
and 0 ≤ i < j ≤ k + 1 denote
σij = (v0, ...vˆi, ..., vˆj , ..., vk+1).
By this notation we can write:
(dφ(σ))(dψ(σ)) =
∑
0≤i<j≤k+1
(φσij (vi)− φσij (vj))(ψσij (vi)− ψσij (vj))
− k
∑
0≤i≤k+1
φ(σi)ψ(σi)
=
∑
0≤i<j≤k+1
(
(φσij (vi)− φσij (vj))(ψσij (vi)− ψσij (vj))
− k
k + 1
(φσij (vi)ψσij (vi) + φσij (vj)ψσij (vj))
)
=
1
k!
∑
τ∈Σ(k−1),τ⊂σ
(dτφτ (σ − τ))(dτψτ (σ − τ))
− k
k + 1
∑
v∈Στ (0),v⊂σ−τ
φτ (v)ψτ (v)
 ,
where σ − τ is the 1-dimensional simplex obtained by deleting the the vertices
of τ from σ.
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We can use this equality to connect 〈dφ, dψ〉 to 〈dτφτ , dτψτ 〉 and 〈φτ , ψτ 〉:
k! 〈dφ, dψ〉 =
∑
σ∈Σ(k+1)
m(σ)
(k + 2)!
k! dφ(σ)dψ(σ)
=
∑
σ∈Σ(k+1)
1
(k + 2)!
∑
τ∈Σ(k−1),τ⊂σ
mτ (σ − τ)
(dτφτ (σ − τ))(dτψτ (σ − τ))
− k
k + 1
∑
v∈Στ (0),v⊂σ−τ
φτ (v)ψτ (v)

=
∑
τ∈Σ(k−1)
1
(k + 2)!
∑
σ∈Σ(k+1),τ⊂σ
mτ (σ − τ)
(dτφτ (σ − τ))(dτψτ (σ − τ))
− k
k + 1
∑
v∈Στ (0),v⊂σ−τ
φτ (v)ψτ (v)

=
∑
τ∈Σ(k−1)
1
(k + 2)!
(k + 2)!
2
∑
η∈Στ (1)
mτ (η)
(dτφτ (η))(dτψτ (η))
− k
k + 1
∑
v∈Στ (0),v⊂η
φτ (v)ψτ (v)

=
∑
τ∈Σ(k−1)
∑
η∈Στ (1)
mτ (η)
2
(dτφτ (η))(dτψτ (η)) − k
k + 1
∑
τ∈Σ(k−1)
∑
η∈Στ (1)
∑
v∈Στ (0),v⊂η
mτ (η)
2
φτ (v)ψτ (v).
Note that∑
τ∈Σ(k−1)
∑
η∈Στ (1)
mτ (η)
2
(dτφτ (η))(dτψτ (η)) =
∑
τ∈Σ(k−1)
〈dτφτ , dτψτ 〉.
Also note that
k
k + 1
∑
τ∈Σ(k−1)
∑
η∈Στ (1)
∑
v∈Στ (0),v⊂η
mτ (η)
2
φτ (v)ψτ (v) =
k
k + 1
∑
τ∈Σ(k−1)
∑
v∈Στ (0)
φτ (v)ψτ (v)
∑
η∈Στ (1),v⊂η
mτ (η)
2
=
k
k + 1
∑
τ∈Σ(k−1)
∑
v∈Στ (0)
φτ (v)ψτ (v)mτ (v) =
∑
τ∈Σ(k−1)
k
k + 1
〈φτ , ψτ 〉.
Therefore we get the desired equality.
Corollary 4.6. For every 1 ≤ k ≤ n and every φ, ψ ∈ Ck(X,R), one has:
k! 〈dφ, dψ〉 + k! k〈φ, ψ〉 =
∑
τ∈Σ(k−1)
〈dτφτ , dτψτ 〉.
In particular, for φ = ψ, one has:
k! ‖dφ‖2+k! k‖φ‖2=
∑
τ∈Σ(k−1)
‖dτφτ‖2.
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Proof. Combine the equality of lemma 4.4 1. with the equality of lemma 4.5.
Next, we’ll discuss localization for (n + 1)-partite complexes. Let X be
a pure n-dimensional, weighted, (n + 1)-partite simplicial complex with sides
S0, ..., Sn. Notice that for any −1 ≤ k ≤ n− 1, Xτ is a (n− k)-partite complex.
In order to keep the indexing of the sides consistent, we shall denote as follows:
for τ = (v0, ..., vk), vi ∈ Sji , the sides of Xτ will be denoted by Sτ,j, where
j 6= j0, ..., jk and Sτ,j ⊆ Sj .
This will allow us to define dτ,(l,j), δτ,(l,j) on Xτ for −1 ≤ l ≤ n − k − 1 in
the following way: if τ = (v0, ..., vk), vi ∈ Sji , then for j 6= j0, ..., jk, define
dτ,(l,j), δτ,(l,j) as above (using the indexing on Xτ ). If j = ji for some 0 ≤ i ≤ k,
then define dτ,(l,j) ≡ 0, δτ,(l,j) ≡ 0. Denote ∆−τ,(l,j) = dτ,(l−1,j)δτ,(l−1,j).
After setting these conventions, we can show the following:
Proposition 4.7. Let X be a pure n-dimensional, weighted, (n + 1)-partite
simplicial complex. Then for every φ ∈ Ck(X,R) and every 0 ≤ j ≤ n, we have
that
k! 〈∆−(k,j)φ, φ〉 =
∑
τ∈Σ(k−1)
〈∆−
τ,(0,j)φτ , φτ 〉.
Proof. Let φ ∈ Ck(X,R), then by definition
k! 〈∆−(k,j)φ, φ〉 = k! 〈δ−(k,j)φ, δ−(k,j)φ〉
=
∑
τ∈Σ(k−1)
m(τ)
 ∑
v∈Sj,vτ∈Σ(k+1)
m(vτ)
m(τ)
φ(vτ)
2
=
∑
τ∈Σ(k−1)
mτ (∅)
 ∑
v∈Sj ,v∈Στ (0)
mτ (v)
mτ (∅)φτ (v)
2
=
∑
τ∈Σ(k−1)
‖δτ,(0,j)φτ‖2
=
∑
τ∈Σ(k−1)
〈∆−
τ,(0,j)φτ , φτ 〉.
4.2 Restriction
Definition 4.8. For φ ∈ Ck(X,R) and τ ∈ Σ(l) s.t. k+l+1 ≤ n, the restriction
of φ to Xτ is a function φ
τ ∈ Ck(Xτ , ρτ ) defined as follows:
∀σ ∈ Στ (k), φτ (σ) = φ(σ).
For φ, ψ ∈ Ck(X,R), one can compute 〈φ, ψ〉 using all the localizations of
the form φτ , ψτ . This is described in the following lemma:
Lemma 4.9. For every 0 ≤ k ≤ n−1 let φ, ψ ∈ Ck(X,R) and 0 ≤ l ≤ n−k−1.
Then
〈φ, ψ〉 =
∑
τ∈Σ(l)
〈φτ , ψτ 〉.
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Proof. ∑
τ∈Σ(l)
〈φτ , ψτ 〉 =
∑
τ∈Σ(l)
∑
σ∈Στ (k)
mτ (σ)
(k + 1)!
φτ (σ)ψτ (σ) =
∑
τ∈Σ(l)
1
(k + 1)!
∑
σ∈Στ (k)
m(τσ)φ(σ)ψ(σ) =
∑
τ∈Σ(l)
1
(k + 1)!
∑
γ∈Σ(l+k+1),τ⊂γ
(k + 1)!
(l + k + 2)!
m(γ)φ(γ − τ)ψ(γ − τ),
where γ − τ means deleting the vertices of τ from γ. Changing the order of
summation gives∑
γ∈Σ(l+k+1)
m(γ)
(l + k + 2)!
∑
τ∈Σ(l),τ⊂γ
φ(γ − τ)ψ(γ − τ) =
∑
γ∈Σ(l+k+1)
m(γ)
(l + k + 2)!
∑
σ∈Σ(k),σ⊂γ
(l + 1)!
(k + 1)!
φ(σ)ψ(σ) =
∑
σ∈Σ(k)
(l + 1)!φ(σ)ψ(σ)
(l + k + 2)! (k + 1)!
∑
γ∈Σ(l+k+1),σ⊂γ
m(γ)
Recall that by corollary 3.6 we have that∑
γ∈Σ(l+k+1),σ⊂γ
m(γ) =
(l + k + 2)!
(l + 1)!
m(σ).
Therefore we get∑
σ ∈Σ(k)
(l + 1)!φ(σ)ψ(σ)
(l + k + 2)! (k + 1)!
∑
γ ∈Σ(l+k+1),σ⊂γ
m(γ)
=
∑
σ∈Σ(k)
m(σ)
(k + 1)!
φ(σ)ψ(σ)
= 〈φ, ψ〉.
Lemma 4.10. Assume that X is of dimension > 1. Let φ, ψ ∈ C0(X,R) and
0 ≤ l ≤ n− 1, then
〈dφ, dψ〉 =
∑
τ∈Σ(l)
〈dτφτ , dτψτ 〉,
where dτ is the restriction of d to the link of τ .
Proof. Note that
∀(v0, v1) ∈ Στ (1), dτφτ ((v0, v1)) = φ(v0)−φ(v1) = dφ((v0, v1)) = (dφ)τ ((v0, v1)),
and similarly
∀(v0, v1) ∈ Στ (1), dτψτ ((v0, v1)) = (dφ)τ ((v0, v1)).
Therefore dτ (φ
τ ) = (dφ)τ , dτ (ψ
τ ) = (dψ)τ and the lemma follows from the
previous one.
22
4.3 Connectivity of links
Throughout this paper, we’ll assume X and all its links of dimension > 0 are
connected . We show that this implies thatX has strong connectivity properties,
namely we shall show that X is gallery connected (see definition below).
Definition 4.11. A pure n-dimensional simplicial complex is called gallery con-
nected, if for every two vertices u, v ∈ X(0) there is a sequence of simplexes
σ0, ..., σl ∈ X(n) such that u ∈ σ0, v ∈ σl and for every 0 ≤ i ≤ l − 1, we have
that σi ∩ σi+1 ∈ X(n−1).
Proposition 4.12. Let X be a connected pure n-dimensional simplicial com-
plex. If all the links of X of dimension > 0 are connected, then X is gallery
connected.
Proof. We shall prove the by induction on n. If n = 1 then gallery connected is
the same as connected and there is nothing to prove. Assume the proposition
holds for n − 1. Let X be a connected pure n-dimensional simplicial complex
such that all the links of X are connected. Then the (n − 1)-skeleton of X
is a pure (n − 1)-simplicial complex with connected links. Therefore, by the
induction assumption, for every u, v ∈ X(0), there are τ0, ..., τl ∈ X(n−1) such
that u ∈ τ0, v ∈ τl and for every 0 ≤ i ≤ l − 1, τi ∩ τi+1 ∈ X(n−2). X is pure
n-dimensional, therefore we can take σi ∈ X(n) such that for every 0 ≤ i ≤ l,
τi ⊂ σi. If l = 0 there is nothing to prove. Assume l > 0, to finish, we shall
show that for every 0 ≤ i ≤ l− 1 there is a gallery connecting σi and σi+1 (and
therefore one can take a concatenation of those galleries). Fix 0 ≤ i ≤ l − 1.
Denote η = τi ∩ τi+1 ∈ X(n−2), v′ = τi \ η, v′′ = τi+1 \ η. By our assumptions
Xη is connected, therefore there are v1, ..., vk ∈ X(0)η such that
{v′, v1}, {v1, v2}, ..., {vk, v′′} ∈ X(1)η .
Denote
σ′0 = η ∪ {v′, v1}, σ′1 = η ∪ {v1, v2}, ..., σ′k = η ∪ {vk, v′′}.
Note that σ′0, ..., σ′k ∈ X(n) and that
∀0 ≤ i ≤ k − 1, σ′i ∩ σ′i+1 = η ∪ {vi} ∈ X(n−1).
Also note that
τi ⊆ σi ∩ σ′0, τi+1 ⊆ σi+1 ∩ σ′k.
Therefore there is a gallery connecting σi and σi+1 and we are done.
5 Laplacian spectral gaps
In this section we will show that a large spectral gap on the upper Laplacian
on all the 1 dimensional links induces spectral gaps in all the other Laplacians
(in the Laplacians of all the other links and in the Laplacians of X). The exact
formulation appears in theorem 5.8. The results of this section were already
worked-out by the author in a more general setting in [Opp12]. We chose to
include all the proofs and not just refer to [Opp12] in order to keep this paper
self-contained.
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5.1 Descent in links
We shall show that spectral gaps of the 0 upper Laplacian ”trickle down”
through links of simplices of different dimension. Specifically, we shall show
the following:
Lemma 5.1. Let X as before, i.e., a pure n-dimensional weighted simplicial
complex such that all the links of X of dimension > 0 are connected. Also,
assume that n > 1. For 0 ≤ k ≤ n− 2, if there are κ ≥ λ > 0 such that⋃
σ∈Σ(k)
Spec(∆+σ,0) \ {0} ⊆ [λ, κ],
then ⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆
[
2− 1
λ
, 2− 1
κ
]
.
Proof. Fix some τ ∈ Σ(k − 1). First note that⋃
v∈Στ (0)
Spec(∆+τv,0) \ {0} ⊆
⋃
σ∈Σ(k)
Spec(∆+σ,0) \ {0} ⊆ [λ, κ].
For every v ∈ Στ (0) and recall that ∆−τvφv is the projection of φv to the space
of constant maps on Xτv. Denote by (φ
v)1 the orthogonal compliment of that
projection.
Since Xτv is connected for every v ∈ Στ (0), the kernel of ∆+τv is the space of
constant maps. Therefore for every v ∈ Στ (0) we have that
κ‖(φv)1‖2≥ ‖dτvφv‖2≥ λ‖(φv)1‖2.
Take φ ∈ C0(Xτ ,R) to be a non constant eigenfunction of ∆+τ with the
eigenvalue µ > 0 (recall that Xτ is connected so the kernel of ∆
+
τ is the space
of constant functions) , i.e.,
∆+τ φ(u) = µφ(u).
By lemma 4.10 we have
µ‖φ‖2= ‖dτφ‖2=
∑
v∈Στ (0)
‖dτvφv‖2.
Combined with the above inequalities this yields:
κ
∑
v∈Στ (0)
‖(φv)1‖2≥ µ‖φ‖2≥ λ
∑
v∈Στ (0)
‖(φv)1‖2. (1)
Next, we shall compute
∑
v∈Στ (0)‖(φv)1‖2. Note that
‖(φv)1‖2= ‖(φv)‖2−‖∆−τvφv‖2.
By lemma 4.9 we have that ∑
v∈Στ (0)
‖(φv)‖2= ‖φ‖2,
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and therefore we need only to compute
∑
v∈Στ (0)‖∆−τvφv‖2. First, let us write
∆−τvφ
v explicitly:
∆−τvφ
v ≡ 1
mτv(∅)
∑
u∈Στv(0)
mτv(u)φ
v(u) =
1
mτ (v)
∑
(v,u)∈Στ (1)
mτ ((v, u))φ(u).
Notice that since ∆+τ φ = µφ, we get
µφ(v) = ∆+τ φ(v) = φ(v)−
1
mτ (v)
∑
(v,u)∈Στ (1)
mτ ((v, u))φ(u) = φ(v) −∆−τvφv.
Therefore
∆−τvφ
v = (1− µ)φ(v).
This yields∑
v∈Στ (0)
‖∆−τvφv‖2=
∑
v∈Στ (0)
mτ (v)(1 − µ)2φ(v)2 = (1 − µ)2‖φ‖2.
Therefore∑
v∈Στ (0)
‖(φv)1‖2=
∑
v∈Στ (0)
‖(φv)‖2−
∑
v∈Στ (0)
‖∆−τvφv‖2= ‖φ‖2(1−(1−µ)2) = ‖φ‖2µ(2−µ).
Combine with the inequality in (1) to get
κ‖φ‖2µ(2− µ) ≥ µ‖φ‖2≥ λ‖φ‖2µ(2− µ).
Dividing by ‖φ‖2µ yields
κ(2 − µ) ≥ 1 ≥ λ(2− µ).
And this in turns yields
2− 1
κ
≥ µ ≥ 2− 1
λ
.
Since µ was any positive eigenvalue of ∆+τ,0 we get that
Spec(∆+τ,0) \ {0} ⊆
[
2− 1
λ
, 2− 1
κ
]
.
Our next step is to iterate the above lemma. Consider the function f(x) =
2 − 1
x
. One can easily verify that this function is strictly monotone increasing
and well defined on (0,∞). Denote f2 = f ◦f, f j = f ◦...◦f . Simple calculations
show the following:
∀m ∈ N, f( m
m+ 1
) =
m− 1
m
, f(1) = 1
∀a > 1, {f j(a)}j∈N is a decreasing sequence and lim
j→∞
f j(a) = 1.
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Corollary 5.2. Let X be as in the lemma and f as above. Assume that there
are κ ≥ λ > n−1
n
such that⋃
σ∈Σ(n−2)
Spec(∆+σ,0) \ {0} ⊆ [λ, κ],
then for every −1 ≤ k ≤ n− 3 we have⋃
τ∈Σ(k)
Spec(∆+τ,0) \ {0} ⊆
[
fn−k−2(λ), fn−k−2(κ)
] ⊆ (k + 1
k + 2
, fn−k−2(κ)
]
.
Proof. The proof is a straightforward induction using lemma 5.1. One only
needs to verify that for every −1 ≤ k ≤ n− 3 we have fn−k−2(λ) > 0, but this
is guaranteed by the condition λ > n−1
n
.
Corollary 5.3. Let X be as above. Then for every −1 ≤ k ≤ n− 2 we have⋃
τ∈Σ(k)
Spec(∆+τ,0) ⊆
[
0,
n− k
n− k − 1
]
.
Moreover, for every −1 ≤ k ≤ n− 3, every τ ∈ X(k) and every φ ∈ C0(Xτ ,R),
∆+τ,0φ =
n− k
n− k − 3φ⇒ ∀σ ∈ X
(n−k−1)
τ ,∆
+
σ,0φ
σ = 2φσ.
Proof. Notice that
fn−k−2(2) =
n− k
n− k − 1 .
Recall that ‖∆+0 ‖≤ 2 and therefore, one can always take κ = 2. By corollary
5.2 we get that for every −1 ≤ k ≤ n− 2 we have⋃
τ∈Σ(k)
Spec(∆+τ,0) \ {0} ⊆
[
0,
n− k
n− k − 1
]
.
Let −1 ≤ k ≤ n−2, τ ∈ X(k) and φ ∈ C0(Xτ ,R) such that ∆+0 φ = µφ. Assume
there is a single v ∈ X(0)τ such that (in the notations of the proof of lemma 5.4
)
n− k − 1
n− k − 2‖(φ
v)1‖2> ‖dτvφv‖2.
By the fact proven above, for any other v ∈ X(0)τ , we have
n− k − 1
n− k − 2‖(φ
v)1‖2≥ ‖dτvφv‖2.
Therefore we can repeat the proof of lemma 5.4, with strict inequalities. Namely,
instead of inequality (1), we can take
n− k − 1
n− k − 2
∑
v∈Στ (0)
‖(φv)1‖2> µ‖φ‖2,
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and complete the rest of the proof with strict inequalities and get
2− 1
n−k−1
n−k−2
> µ,
which yields
n− k
n− k − 1 > µ.
Therefore
∆+τ,0φ =
n− k
n− k − 1φ⇒ ∀v ∈ X
(0)
τ ,∆
+
τv,0φ
v =
n− k − 1
n− k − 2φ
v.
Finish by induction on k, starting with k = n− 3 and descending.
5.2 Local to global
We’ll show that large enough spectral gaps of the upper Laplacian ∆+τ,0 for all
τ ∈ Σ(k − 1) implies spectral gaps for ∆+k .
Lemma 5.4. Let X as before, i.e., a pure n-dimensional weighted simplicial
complex such that all the links of X of dimension > 0 are connected. Also,
assume that n > 1. For 0 ≤ k ≤ n− 1, if there are κ ≥ λ > 0 such that⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ],
then for every φ ∈ Ck(X,R) we have
(k+1)‖φ‖2
(
κ− k
k + 1
)
−κ‖δφ‖2≥ ‖dφ‖2≥ (k+1)‖φ‖2
(
λ− k
k + 1
)
−λ‖δφ‖2.
Proof. Let 0 ≤ k ≤ n− 1. Fix some τ ∈ Σ(k − 1) and some φ ∈ Ck(X,R). For
φτ recall that ∆
−
τ,0φτ is the projection of φτ on the space of constant functions.
Denote by (φτ )
1 the orthogonal complement of this projection. Since Xτ is
connected we have that ker(∆+τ,0) is exactly the space of constant functions and
therefore
κ‖(φτ )1‖2≥
〈
∆+τ,0φτ , φτ
〉 ≥ λ‖(φτ )1‖2.
Note that ‖(φτ )1‖2= ‖φτ‖2−‖∆−τ,0φτ‖2 and that
〈
∆+τ,0φτ , φτ
〉
= ‖dτφτ‖2. There-
fore
κ‖φτ‖2−‖∆−τ,0φτ‖2≥ ‖dτφτ‖2≥ λ‖φτ‖2−‖∆−τ,0φτ‖2.
Since the above inequality is true for every τ ∈ Σ(k − 1) we can sum over all
τ ∈ Σ(k − 1) and get
κ
∑
τ∈Σ(k−1)
(‖φτ‖2−‖∆−τ,0φτ‖2) ≥ ∑
τ∈Σ(k−1)
‖dτφτ‖2≥ λ
∑
τ∈Σ(k−1)
(‖φτ‖2−‖∆−τ,0φτ‖2) .
By proposition 3.9 we have that ‖∆−τ,0φτ‖2= ‖δτ,0φτ‖2, therefore we can write
κ
∑
τ∈Σ(k−1)
(‖φτ‖2−‖δτ,0φτ‖2) ≥ ∑
τ∈Σ(k−1)
‖dτφτ‖2≥ λ
∑
τ∈Σ(k−1)
(‖φτ‖2−‖δτ,0φτ‖2) .
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By lemma 4.4, applied for φ = ψ, we have that∑
τ∈Σ(k−1)
(‖φτ‖2−‖δτ,0φτ‖2) = (k + 1)! ‖φ‖2−k! ‖δφ‖2.
Therefore
κ
(
(k + 1)! ‖φ‖2−k! ‖δφ‖2) ≥ ∑
τ∈Σ(k−1)
‖dτφτ‖2≥ λ
(
(k + 1)! ‖φ‖2−k! ‖δφ‖2) .
By corollary 4.6 we have for every φ ∈ Ck(X,R) that
k! ‖dφ‖2+k! k‖φ‖2=
∑
τ∈Σ(k−1)
‖dτφτ‖2,
and therefore
κ
(
(k + 1)! ‖φ‖2−k! ‖δφ‖2) ≥ k! ‖dφ‖2+k! k‖φ‖2≥ λ ((k + 1)! ‖φ‖2−k! ‖δφ‖2) .
Dividing by k! and then subtracting k‖φ‖2 gives the inequality stated in the
lemma.
Corollary 5.5. Let X as in the above lemma. For 0 ≤ k ≤ n− 1, if there are
κ ≥ λ > k
k+1 such that ⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ],
then ∥∥∥∥∆+k + λ+ κ2 ∆−k − (k + 1)(λ+ κ2 − kk + 1)I
∥∥∥∥ ≤ (k + 1)κ− λ2 ,
where ‖.‖ denotes the operator norm.
Proof. From lemma 5.4 we have for every φ ∈ Ck(X,R) that
(k+1)‖φ‖2
(
κ− k
k + 1
)
−κ‖δφ‖2≥ ‖dφ‖2≥ (k+1)‖φ‖2
(
λ− k
k + 1
)
−λ‖δφ‖2.
This yields
(k + 1)〈φ, φ〉
(
κ− k
k + 1
)
− κ〈∆−k φ, φ〉
≥ 〈∆+k φ, φ〉
≥ (k + 1)〈φ, φ〉
(
λ− k
k + 1
)
− λ〈∆−k φ, φ〉,
which yields
κ− λ
2
〈
((k + 1)I −∆−k )φ, φ
〉 ≥ 〈(∆+k + κ+ λ2 ∆−k
− (k + 1)
(
κ+ λ
2
− k
k + 1
)
I
)
φ, φ
〉
≥ −κ− λ
2
〈
((k + 1)I −∆−k )φ, φ
〉
.
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Therefore, we have for every φ that∣∣∣∣〈(∆+k + κ+ λ2 ∆−k − (k + 1)
(
κ+ λ
2
− k
k + 1
)
I
)
φ, φ
〉∣∣∣∣
≤ κ− λ
2
〈
((k + 1)I −∆−k )φ, φ
〉
≤ κ− λ
2
(k + 1)‖φ‖2.
Note that ∆+k +
λ+κ
2 ∆
−
k − (k + 1)(λ+κ2 − kk+1 )I is a self adjoint operator and
therefore the above inequality gives the inequality stated in the theorem.
Corollary 5.6. Let X as in the above lemma. For 0 ≤ k ≤ n− 1, if there are
κ ≥ λ > k
k+1 such that ⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ],
then H˜k(X,R) = 0, there is an orthogonal decomposition Ck(X,R) = ker(∆+k )⊕
ker(∆−k ) and
Spec(∆+k ) \ {0} ⊆ [(k + 1)λ− k, (k + 1)κ− k],
Spec(∆−k+1) \ {0} ⊆ [(k + 1)λ− k, (k + 1)κ− k],
Spec(∆−k ) \ {0} ⊆
[
(k + 1)− k
λ
, (k + 1)− k
κ
]
,
Spec(∆+k−1) \ {0} ⊆
[
(k + 1)− k
λ
, (k + 1)− k
κ
]
.
Proof. Since X is assumed to be connected all the statements for k = 0 are
trivial. Assume that 1 ≤ k ≤ n − 1. First notice that if λ > k
k+1 we get by
lemma 5.4 that for every φ ∈ Ck(X,R)\ {0} ( (0 here is the constant 0 function
in Ck(X,R)).
〈
∆+k φ, φ
〉
+ λ
〈
∆−k φ, φ
〉 ≥ (k + 1)‖φ‖2(λ− k
k + 1
)
> 0.
Therefore ker(∆k) = ker(∆
+
k ) ∩ ker(∆−k ) = {0}. Recall that proposition 3.7
Hk(X,R) = ker(∆k) and therefore H
k(X,R) = 0. From Hk(X,R) = 0 we get
that ker(dk) = im(dk−1). Recall that (see proof of proposition 3.7)
ker(dk) = ker(∆
+
k ), im(dk−1) = im(∆
−
k ),
and therefore ker(∆+k ) = im(∆
−
k ). Since ∆
−
k is self adjoint we get that
(ker(∆+k ))
⊥ = (im(∆−k ))
⊥ = ker(∆−k ),
and as a consequence, ker(∆−k )
⊥ = ker(∆+k ). Therefore there is an orthogonal
decomposition Ck(X,R) = ker(∆+k )⊕ ker(∆−k ).
Also, since ∆+k is self adjoint, we get that
Spec(∆+k ) \ {0} = Spec(∆+k |(ker(∆+
k
))⊥) = Spec(∆
+
k |ker(∆−
k
)).
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For every φ ∈ ker(∆−k ) we have by lemma 5.4 that
(k + 1)‖φ‖2
(
κ− k
k + 1
)
≥ 〈∆+k φ, φ〉 ≥ (k + 1)‖φ‖2(λ− kk + 1
)
.
Therefore
Spec(∆+k ) \ {0} ⊆ [(k + 1)λ− k, (k + 1)κ− k].
By proposition 3.7 we get that
Spec(∆−k+1) \ {0} ⊆ [(k + 1)λ− k, (k + 1)κ− k].
By the same considerations,
Spec(∆−k ) \ {0} = Spec(∆+k |ker(∆+
k
)).
For every φ ∈ ker(∆−k ) we have by lemma 5.4 that
(k + 1)‖φ‖2
(
κ− k
k + 1
)
− κ 〈∆−k φ, φ〉 ≥ 0,
0 ≥ (k + 1)‖φ‖2
(
λ− k
k + 1
)
− λ 〈∆−k φ, φ〉 .
Therefore
Spec(∆−k ) \ {0} ⊆ [(k + 1)−
k
λ
, (k + 1)− k
κ
].
By proposition 3.7 we get that
Spec(∆+k−1) \ {0} ⊆ [(k + 1)−
k
λ
, (k + 1)− k
κ
].
Corollary 5.7. Let X as above. Then for every 0 ≤ k ≤ n− 1, we have that
Spec(∆+k ) ⊆
[
0,
n+ 1
n− k
]
,
Spec(∆−k+1) ⊆
[
0,
n+ 1
n− k
]
.
Proof. Combine the above corollary with corollary 5.3, stating that⋃
τ∈Σ(k−1)
Spec(∆+τ,0) ⊆
[
0,
n+ 1− k
n− k
]
,
and therefore κ ≤ n+1−k
n−k . This yields that
(k + 1)κ− k ≤ (k + 1)n+ 1− k
n− k − k
=
n+ 1
n− k .
30
5.3 Very local to very global
Combining lemma 5.4 and corollaries 5.6, 5.2 we’ll prove the exact formulation
of theorem 2.1 stated above. Namely, we’ll show that large spectral gap in all
the 1-dimensional links yield spectral gaps in ∆+k ,∆
−
k+1 for every 0 ≤ k ≤ n− 1
.
Theorem 5.8. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X of dimension > 0 are connected. Also, assume that n > 1.
Denote f(x) = 2− 1
x
and f j to be the composition of f with itself j times (where
f0 is defined as f0(x) = x). If there are κ ≥ λ > n−1
n
such that⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ].
Then for every 0 ≤ k ≤ n− 1:
1. H˜k(X,R) = 0 and Ck(X,R) = ker(∆+k )⊕ ker(∆−k ).
2.
Spec(∆+k ) \ {0} ⊆ [(k + 1)fn−1−k(λ) − k, (k + 1)fn−1−k(κ)− k],
Spec(∆−k+1) \ {0} ⊆ [(k + 1)fn−1−k(λ) − k, (k + 1)fn−1−k(κ)− k].
Proof. First apply corollary 5.2 to get spectral gaps of ∆+τ,0 for every τ ∈ Σ(k)
when −1 ≤ k ≤ n − 3 in terms of f and λ, κ (notice that since X∅ = X this
takes care of the case k = 0 in 3. of the theorem). Then apply corollaries 5.5
and 5.6 to finish the proof.
Remark 5.9. In the above proof it seems that we are only using two of the
estimates given in corollary 5.6 and that we have two additional estimates of
the spectrum of ∆+k ,∆
−
k+1. We leave it to the reader to check that when using
the function f , the two estimates given in corollary 5.6 coincide.
Remark 5.10. As remarked earlier, if m is the homogeneous weight function,
then for every τ ∈ Σ(n− 2), ∆+τ,0 is the usual graph Laplacian on the graph Xτ .
This means that if one assigns the homogeneous weight on X, then the spectral
gap conditions stated in the above theorem are simply spectral gaps conditions
of the usual graph Laplacian on each of the 1-dimensional links. In concrete ex-
amples, these spectral gap conditions are easily attainable (see examples below).
5.4 partite complexes
Proposition 5.11. Let X be a pure n-dimensional weighted simplicial complex
such that all the links of X of dimension > 0 are connected. Then we have for
the spectrum of ∆+0 that:
Spec(∆+0 ) ⊆
[
0,
n+ 1
n
]
.
If X is also (n + 1)-partite then the space of eigenfunctions of the eigenvalue
n+1
n
is spanned by the functions ϕi, 0 ≤ i ≤ n defined as
ϕi(u) =
{
n u ∈ Si
−1 otherwise .
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Proof. The claim about the non trivial spectrum of ∆+0 is due to corollary 5.7
applied for k = 0. Assume that X is (n+ 1)-partite. First we verify that each
ϕi defined above is indeed an eigenfunction of the eigenvalue
n+1
n
. We check
the following cases:
1. In the case u ∈ Si, we have that
∆+0 ϕi(u) = ϕi(u)−
∑
v∈X(0),(u,v)∈Σ(1)
m((u, v))
m(u)
ϕi(v)
= n−
∑
v∈X(0),(u,v)∈Σ(1)
m((u, v))
m(u)
(−1)
= n+
∑
v∈X(0),(u,v)∈Σ(1)
m((u, v))
m(u)
= n+ 1
=
n+ 1
n
ϕi(u).
2. In the case where u /∈ Si, we have that
∆+0 ϕi(u) = −1−
∑
v∈X(0),(u,v)∈Σ(1)
m((u, v))
m(u)
ϕi(v)
= −1−
∑
v∈X(0)\Si,(u,v)∈Σ(1)
m((u, v))
m(u)
(−1)
−
∑
v∈Si,(u,v)∈Σ(1)
m((u, v))
m(u)
n.
Recall that by proposition 3.5 and by the fact thatX is pure n-dimensional
and (n+ 1)-partite, we have that
m(u) = n!
∑
σ∈X(n),u⊂σ
m(σ)
= n!
∑
v∈Si,(u,v)∈Σ(1)
∑
σ∈X(n),{u,v}⊂σ
m(σ)
= n
∑
v∈Si,(u,v)∈Σ(1)
m((u, v)).
Similarly,
(n− 1)m(u) = n
∑
v∈X(0)\Si,(u,v)∈Σ(1)
m((u, v)).
Therefore we get
∆+0 ϕi(u) = −1 +
n− 1
n
− 1
= −n+ 1
n
=
n+ 1
n
ϕi(u).
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Next, we’ll prove that ϕi span the space of eigenfunctions with eigenvalue
n+1
n
.
For n = 1, this is the classical argument for bipartite graphs repeated here for
the convenience of the reader. Let φ ∈ C0(X,R) such that ∆+0 φ = 2φ and X
is a bipartite graph. There is u0 ∈ X(0) such that ∀v ∈ X(0), |φ(u0)|≥ |φ(v)|.
Without loss of generality u0 ∈ S0. One can always normalize φ such that
φ(u0) = 1 and for every other v ∈ X(0), |φ(v)|≤ 1 . Then
2 = ∆φ(u0)
= 1−
∑
v∈X(0),(u0,v)∈Σ(1)
m((u0, v))
m(u0)
φ(v)
= 1−
∑
v∈X(0)1 ,(u0,v)∈Σ(1)
m((u0, v))
m(u0)
φ(v)
Therefore ∑
v∈X(0)1 ,(u0,v)∈Σ(1)
m((u0, v))
m(u0)
φ(v) = −1.
Note that
∑
v∈X(0)1 ,(u0,v)∈Σ(1)
m((u0, v))
m(u0)
= 1 and ∀v, φ(v) ≥ −1 and therefore
we get that for every v ∈ X(0)1 with (u0, v) ∈ Σ(1) we get φ(v) = −1. By the
same considerations, for every v ∈ X(0) with φ(v) = −1, we have
u ∈ X(0), (v, u) ∈ Σ(1)⇒ φ(u) = 1.
Therefore by iterating this argument and using the fact that the graph is con-
nected, we get that
φ(u) =
{
1 u ∈ S0
−1 u ∈ X(0)1
,
and that is exactly ϕ0 in the case n = 1. Assume that n > 1.
First, for every 0 ≤ i ≤ n, note that χSi = 1n+1 (ϕi + χX(0)) (Recall that χX(0)
denotes the constant 1 function and χSi denotes the indicator function of Si ).
Therefore every function φ of the form:
∃c0, ..., cn ∈ R, ∀u ∈ Si, φ(u) = ci,
is in the space spanned by the functions ϕi and the constant functions. There-
fore, for φ such that ∆+0 φ =
n+1
n
φ, it is enough to show that φ is of the form
∃c0, ..., cn ∈ R, ∀u ∈ Si, φ(u) = ci.
Let φ ∈ C0(X,R) such that ∆+0 φ = n+1n φ. Fix 0 ≤ i ≤ n and u′ ∈ Si.
By proposition 4.12, X is gallery connected so for every u ∈ Si there is a
gallery σ0, ..., σl ∈ X(n) connecting u′ and u. We’ll show by induction on l
that φ(u) = φ(u′). For l = 0, u = u′ and we are done. Assume the claim is
true for l. Let u ∈ Si such that the shortest gallery connecting u′ and u is
σ0, ..., σl+1 ∈ X(n). By the fact that X is (n+ 1)-partite, there is u′′ ∈ σl ∩ Si
therefore u′′, u are both in the link of σl ∩σl+1 ∈ X(n−1). Since n > 1, σl ∩σl+1
is of dimension > 1, therefore there is a non empty simplex τ ∈ X(n−2) such
that τ ⊂ σl ∩ σl+1. Note that by the (n+ 1)-partite assumption of X , we have
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that the link of Xτ is a bipartite graph, containing u
′′ and u. From corollary
5.3 we have that
∆+0 φ
τ = 2φτ .
Therefore, from the case n = 1, we get that
φ(u′′) = φτ (u′′) = φτ (u) = φ(u).
By our induction assumption, φ(u′) = φ(u′′) and therefore φ must be of the
form stated above and we are done.
Remark 5.12. The functions ϕi defined above are not orthogonal to each other
and in fact they don’t even form a basis, because they a linearly dependent.
The above proposition indicates that when dealing with an (n + 1)-partite
simplicial complex, one should think of the non trivial spectrum of ∆+0 as
Spec(∆+0 ) \ {0, n+1n }. Following this logic, we denote the space of non triv-
ial functions C0(X,R)nt as
C0(X,R)nt = span{χX(0) , ϕ0, ..., ϕn}⊥.
Proposition 5.13. Let χSi be the indicator function of Si, then
C0(X,R)nt = span{χS0, ..., χSn}⊥.
Moreover, for every φ ∈ C0(X,R), the projection of φ on C0(X,R)nt is
φ− (n+ 1)
n∑
j=0
∆−(0,j)φ.
Proof. As noted in the proof of the proposition above, χSi =
1
n+1 (ϕi + χX(0)).
Also notice that
χX(0) =
n∑
i=0
χSi ,
∀i, ϕi =
n∑
j=0
χ
X
(0)
j
+ (n− 1)χSi .
Therefore
span{ϕ0, ..., ϕn, χX(0)} = span{χS0, ..., χSn}.
Notice that for every j,
‖χSj‖2=
∑
v∈Sj
m(v) =
1
n+ 1
m(∅),
and for every φ ∈ C0(X,R)
〈φ, χSj 〉χSj =
∑
v∈Sj
φ(v)
χSj
= m(∅)∆−(0,j)φ.
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Therefore, for every φ ∈ C0(X,R), the projection of φ on C0(X,R)nt is
n∑
j =0
1
‖χSj‖2
〈φ, χSj 〉χSj =
n+ 1
m(∅)
n∑
j=0
m(∅)∆−(0, j)φ = (n+ 1)
n∑
j=0
∆−(0,j)φ.
Next, we have a technical tool to calculate to norm and Laplacian of functions
in C0(X,R)nt:
Proposition 5.14. Let X be a pure n-dimensional, (n + 1)-partite, weighted
simplicial complex such that all the links of X of dimension > 0 are connected.
Let φ ∈ C0(X,R). For every 0 ≤ i ≤ n, define φi(u) ∈ C0(X,R) as follows:
φi(u) =
{
−nφ(u) u ∈ Si
φ(u) otherwise
.
Then
1. If φ ∈ C0(X,R)nt, then for every 0 ≤ i ≤ n, we have that φi(u) ∈
C0(X,R)nt.
2. For every φ ∈ C0(X,R),
n∑
i=0
‖φi‖2= (n2 + n)‖φ‖2.
3. For every φ ∈ C0(X,R),
n∑
i=0
〈φi,∆+0 φi〉 = 〈φ, ((n+ 1)2I − (n+ 1)∆+0 )φ〉.
Proof. 1. Let φ ∈ C0(X,R)nt. Fix 0 ≤ i ≤ n. Note that for every 0 ≤ j ≤ n,
we have that
〈φ, χ
X
(0)
j
〉 = 0⇒ 〈φi, χX(0)
j
〉 = 0,
and therefore by the above proposition φi(u) ∈ C0(X,R)nt.
2. For every 0 ≤ i ≤ n we have that
‖φi‖2 =
∑
u∈Si
m(u)n2φ(u)2 +
∑
u∈X(0)\Si
m(u)φ(u)2.
Therefore
n∑
i =0
‖φi‖2 =
∑
u∈X(0)
m(u)(n2 + n)φ(u)2 = (n2 + n)‖φ‖2.
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3. For every 0 ≤ i ≤ n, we’ll compute ∆+0 φi: For u ∈ Si, we have that
(∆+0 φi)(u) = −nφ(u)−
∑
v∈X(0),(u,v)∈Σ(1)
m((u, v))
m(u)
φ(v)
= (−n− 1)φ(u) + (∆+0 φ)(u).
For u ∈ X(0) \ Si we have that
(∆+0 φi)(u) = φ(u)−
∑
v∈X(0)\Si,(u,v)∈Σ(1)
m((u, v))
m(u)
φ(v)
−
∑
v∈Si,(u,v)∈Σ(1)
m((u, v))
m(u)
(−n)φ(v)
= (∆+0 φ)(u) + (n+ 1)
∑
v∈Si,(u,v)∈Σ(1)
m((u, v))
m(u)
φ(v).
Therefore
〈φi,∆+0 φi〉 =
∑
u∈Si
m(u)φ(u)
(−n(−n− 1)φ(u)− n(∆+0 φ)(u))
+
∑
u∈X(0)\Si
m(u)φ(u)
(∆+0 φ)(u)
+ (n+ 1)
∑
v∈Si,(u,v)∈Σ(1)
m((u, v))
m(u)
φ(v)
 .
This yields
n∑
i =0
〈φi,∆+0 φi〉 =
∑
u∈X(0)
m(u)φ(u)
n(n+ 1)φ(u)− n(∆+0 φ)(u)
+ n(∆+0 φ)(u)
+ (n+ 1)
∑
v∈X(0),(u,v)∈Σ(1)
m((u, v))
m(u)
φ(v)

=
∑
u∈X(0)
m(u)φ(u)
(
(n+ 1)2φ(u)− (n+ 1)(∆+0 φ)(u)
)
= 〈φ, ((n + 1)2I − (n+ 1)∆+0 )φ〉.
It is known that for bipartite graph, the spectrum of the Laplacian is sym-
metric around 1. For (n + 1)-partite complexes we have a weaker result that
shows that the bounds of the non trivial spectrum have some symmetry around
1:
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Lemma 5.15. Let X be a pure n-dimensional, (n+1)-partite, weighted simpli-
cial complex such that all the links of X of dimension > 0 are connected. As-
sume that X is non trivial, i.e., assume that X has more than 1 n-dimensional
simplex. Denote
λ(X) = min{λ : λ > 0, ∃φ,∆+0 φ = λφ},
κ(X) = max{λ : λ < n+ 1
n
, ∃φ,∆+0 φ = λφ}.
Then
1− 1
n
(1− λ(X)) ≤ κ(X) ≤ min{1− n(1 − λ(X)), n+ 1
n
}.
Proof. Let φ ∈ C0(X,R)nt by the eigenfunction of κ(X). By the above propo-
sition, for every 0 ≤ i ≤ n, φi ∈ C0(X,R)nt and therefore
〈φi,∆+0 φi〉 ≥ λ(X)‖φi‖2.
Summing on i we get
n∑
i=0
〈φi,∆+0 φi〉 ≥ λ(X)
n∑
i=0
‖φi‖2.
By the equalities proven in the above proposition, this yields
〈φ, ((n+ 1)2I − (n+ 1)∆+0 )φ〉 ≥ λ(X)(n2 + n)‖φ‖2.
Since we took φ to be the eigenfunction of κ(X), this yields
((n+ 1)2 − (n+ 1)κ(X))‖φ‖2≥ λ(X)(n2 + n)‖φ‖2.
Therefore
1 + n(1− λ(X)) ≥ κ(X).
(Also, recall that κ(X) < n+1
n
). By the same procedure, when φ is taken to be
the eigenfunction of λ(X), we get that
((n+ 1)2 − (n+ 1)λ(X))‖φ‖2≤ κ(X)(n2 + n)‖φ‖2,
and therefore
1 +
1
n
(1− λ(X)) ≤ κ(X).
The next theorem is the (n+ 1)-partite analogue of corollary 5.5:
Theorem 5.16. Let X be a pure n-dimensional, (n+1)-partite, weighted sim-
plicial complex such that all the links of X of dimension > 0 are connected. Fix
0 ≤ k ≤ n− 1, if there are κ ≥ λ > k
k+1 such that⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0,
n+ 1− k
n− k } ⊆ [λ, κ],
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then ∥∥∥∥∥∥∆+k + n+ 1− kn− k ∆−k + (k − (k + 1)λ+ κ2 )I
− ( (n+ 1− k)
2
n− k − (n+ 1− k)
2λ+ κ
2
)
n∑
j=0
∆−(k,j)
∥∥∥∥∥∥ ≤ (k + 1)κ− λ2 ,
where ‖.‖ denotes the operator norm.
Proof. Let φ ∈ Ck(X,R), then for every τ ∈ Σ(k− 1), we have that the projec-
tion of φτ on C
0(Xτ ,R)nt is
φτ − (n+ 1− k)
n∑
j=0
∆−
τ,(0,j)φτ = (I − (n+ 1− k)
n∑
j=0
∆−
τ,(0,j))φτ .
Therefore, 〈
∆+τ
I − (n+ 1− k) n∑
j=0
∆−
τ,(0,j)
φτ , φτ〉
≥ λ
∥∥∥∥∥∥
I − (n+ 1− k) n∑
j=0
∆−
τ,(0,j)
φτ
∥∥∥∥∥∥
2
= λ
‖φτ‖2 − (n+ 1− k)2 n∑
j=0
‖∆−
τ,(0,j)φτ‖2
 .
Similarly,
κ
‖φτ‖2−(n+1−k)2 n∑
j=0
‖∆−
τ,(0,j)φτ‖2
≥〈∆+τ
I−(n+1−k) n∑
j=0
∆−
τ,(0,j)
φτ , φτ〉 .
From the fact that ∆−τ,0 is the projection on the constant functions on Xτ we
get that
(n+ 1− k)
n∑
j=0
∆−
τ,(0,j) −∆−τ,0,
is the projection of the eigenfunctions with eigenvalue n+1−k
n−k . Therefore,
∆+τ,0
(n+ 1− k) n∑
j=0
∆−
τ,(0,j)
 = n+ 1− k
n− k
(n+ 1− k) n∑
j=0
∆−
τ,(0,j) −∆−τ,0
 ,
which yields
∆+τ,0
I − (n+ 1− k) n∑
j=0
∆−
τ,(0,j)
 = ∆+τ,0+n+ 1− kn− k ∆−τ,0− (n+ 1− k)2n− k
n∑
j=0
∆−
τ,(0,j).
38
Therefore we have that
κ
‖φτ‖2 − (n+ 1− k)2 n∑
j=0
‖∆−
τ,(0,j)φτ‖2
 ≥
〈∆+τ,0 + n+ 1− kn− k ∆−τ,0 − (n+ 1− k)2n− k
n∑
j=0
∆−
τ,(0,j)
φτ , φτ〉 ≥
λ
‖φτ‖2 − (n+ 1− k)2 n∑
j=0
‖∆−
τ,(0,j)φτ‖2
 .
Summing the above inequalities on all τ ∈ Σ(k − 1) and using the equalities:
(k + 1)! ‖φ‖2=
∑
τ∈Σ(k−1)
‖φτ‖2,
k!
〈
∆−k φ, φ
〉
=
∑
τ∈Σ(k−1)
〈
∆−τ,0φτ , φτ
〉
,
k! 〈∆+k φ, φ〉 + k! k‖φ‖2=
∑
τ∈Σ(k−1)
〈∆+τ,0φτ , φτ 〉,
k! 〈∆−(k,j)φ, φ〉 =
∑
τ∈Σ(k−1)
〈∆−
τ,(0,j)φτ , φτ 〉,
(see lemma 4.4, corollary 4.6 and proposition 4.7 ), yields (after dividing by k!):
κ
〈(k + 1)I − (n+ 1− k)2 n∑
j=0
∆−(k,j)
φ, φ〉
≥
〈∆+k + kI + n+ 1− kn− k ∆−k − (n+ 1− k)2n− k
n∑
j=0
∆−(k,j)
φ, φ〉
≥ λ
〈(k + 1)I − (n+ 1− k)2 n∑
j=0
∆−(k,j)
φ, φ〉 .
Subtracting
λ+ κ
2
〈(k + 1)I − (n+ 1− k)2 n∑
j=0
∆−(k,j)
φ, φ〉 ,
from the above inequality yields∣∣∣∣∣∣
〈∆+k +(k−(k+1)λ+ κ2 )I+ n+ 1− kn− k ∆−k −( (n+ 1− k)2n− k −(n+1−k)2λ+ κ2 )
n∑
j=0
∆−(k,j)
φ, φ〉
∣∣∣∣∣∣
≤ κ− λ
2
〈(k + 1)I − (n+ 1− k)2 n∑
j=0
∆−(k,j)
φ, φ〉 .
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This in turn yields∥∥∥∥∥∥∆+k + n+ 1− kn− k ∆−k + (k − (k + 1)λ+ κ2 )I
− ( (n+ 1− k)
2
n− k − (n+ 1− k)
2λ+ κ
2
)
n∑
j=0
∆−(k,j)
∥∥∥∥∥∥ ≤ (k + 1)κ− λ2 .
The above theorem, combined with lemma 5.15, yields the following bound
based only on the smallest positive eigenvalues of the links.
Corollary 5.17. Let X be a pure n-dimensional, (n+1)-partite, weighted sim-
plicial complex such that all the links of X of dimension > 0 are connected. Fix
0 ≤ k ≤ n− 1, if there is λ > k
k+1 such that⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [λ,∞),
then∥∥∥∥∥∥∆+k + n+ 1− kn− k ∆−k − (2 + (n− k)(1 − λ)2 )I
− ( (n+ 1− k)
2
n− k − (n+ 1− k)
2 2 + (n− k)(1− λ)
2
)
n∑
j=0
∆−(k,j)
∥∥∥∥∥∥ ≤ (k + 1)(n
+ 1− k)1− λ
2
,
where ‖.‖ denotes the operator norm.
Proof. Notice that every link is a (n+1−k)-partite complex and that by lemma
5.15 we have that in the notations of the above theorem:
κ ≤ 1 + (n+ 1− k)(1− λ), κ− λ ≤ (n+ 1− k)(1− λ).
Therefore, we get∥∥∥∥∥∥∆+k + n+ 1− kn− k ∆−k − (2 + (n− k)(1 − λ)2 )I
− ( (n+ 1− k)
2
n− k − (n+ 1− k)
2 2 + (n− k)(1− λ)
2
)
n∑
j=0
∆−(k,j)
∥∥∥∥∥∥ ≤ (k + 1)(n
+ 1− k)1− λ
2
.
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6 k-graph of X and random walks
In order to make sense of some of the later results regarding Cheeger type
inequalities and mixing, we introduce the some terminology regarding graphs
the arise from the simplicial complex X and random walks on these graphs.
6.1 Random walk on finite graphs
Let A be a finite set. A random walk on A is a map µ : A × A → [0, 1] such
that for every x ∈ A we have ∑y∈A µ(x, y) = 1.
A stationary measure of a random walk µ is a strictly positive function ν : A→
R
+, such that for every x, y ∈ A we have ν(x)µ(x, y) = ν(y)µ(y, x). A random
walk that has at least one stationary measure is called reversible. For a random
walk µ and j ∈ N, we can define a random walk µ∗j as
µ∗j(x, y) =
∑
(x,x1,...,xj−1,y)∈A×A×...×A
µ(x, x1)µ(x1, x2)...µ(xj−1, y).
Next, let G be a graph G = (V,E) (possibly with loops and multiple edges) and
a let c be a strictly positive function c : E → R+. Such c is called a conductance
function on G. Define a random walk on G with respected to c as follows: for
v ∈ V, e ∈ E denote v ∈ e if v is an end of e. Define
∀v ∈ V, ν(v) =
∑
e∈E,v∈e
c(e),
µ(u, e) =

c(e)
ν(v)
v ∈ e
0 v /∈ e
.
The idea behind this definition is that µ(v, e) is the probability to choose e
when standing at v and walk on e to the other end of it. This is a somewhat
refined version of the random walk on the set A presented earlier, because since
G might have multiple edges, we get that an edge (or a loop) is not uniquely
defined by its end vertices. Notice that for every v ∈ V we have∑
e∈E,v∈e
µ(v, e) = 1,
and that for every u, v ∈ V and every e = (u, v) we have that
ν(v)µ(e) = ν(u)µ(e).
Thus ν is a stationary measure of µ.
6.2 Coarse path random walk, Coarse path conductance
All the definitions regarding random walks above were more or less standard,
our next definitions are (as far as we know) new. The main idea here is to break
the graph into several pieces and define notions like random walk or conductance
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with respect to these pieces.
Let G = (V,E) a weighted graph. For e ∈ E and v ∈ V such that v ∈ e denote
e \ v =
{
v if e is a loop
u e = (u, v), u 6= v .
Definition 6.1. Let G = (V,E) be a graph. For j ∈ N, a j+1-tuple (v, e1, e2, ..., ej) ∈
V × Ej is called a path with in G if for every 1 ≤ i ≤ j we have that vi ∈ ei,
where the vi’s are defined recursively as
v1 = v, ∀2 ≤ i ≤ j, vi+1 = ei \ vi.
Denote Path(G) to be the set of all paths in G.
Definition 6.2. Let G = (V,E) be a graph and let U ⊆ V,E1 ⊆ E, ..., Ej ⊆ E.
Define
Path(U,E1, ..., Ej) = {(u, e1, ..., ej) ∈ Path(G) : u ∈ U, e1 ∈ E1, ..., ej ∈ Ej}.
Definition 6.3. Let G = (V,E) and c : E → R+ as above and let µ, ν the
random walk and stationary measure associated to c. Define the coarse path
random walk as follows:
pathµ :
⋃
j∈N
P(V )× P(E)j → R≥0,
For U ⊆ V,E1, ..., Ej ⊆ E define µcoarse(U,E1, ..., Ej) as follows:
• If Path(U,E1, ..., Ej) 6= ∅, define
pathµ(U,E1, ..., Ej) =
∑
(v,e1,...,ej)∈Path(U,E1,...,Ej)
µ(v, e1)µ(v2, e2)...µ(vj , ej),
where v1 = v, ∀2 ≤ i ≤ j, vi+1 = ei \ vi.
• If Path(U,E1, ..., Ej) = ∅, define µcoarse(U,E1, ..., Ej) = 0 (in particular,
if U = ∅ or Ei = ∅ for some i, then µcoarse(U,E1, ..., Ej) = 0).
Also define the coarse path conductance as
pathc :
⋃
j∈N
P(V )× (P(E))j → R≥0,
pathc(U,E1, ..., Ej) =
∑
v∈U
ν(v)pathµ({v}, E1, ..., Ej).
6.3 Inner connectivity of subgraph
Let G = (V,E) be a graph and let c : E → R+ be a conductance function of
G. Denote as before µ, ν the random walk and stationary measure induced by
c. Given a subgraph of G, G′ = (V ′, E′), we want a measure on how much G′
in connected within itself. Define the following:
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Definition 6.4. Let G = (V,E), c : E → R+, µ, ν as above. Let G′ = (V ′, E′)
be a subgraph of G. Define the inner connectivity constant of G′ in G as
hinner(G
′;G) =

pathc(V ′, E′, E′)
pathc(V ′, E′)
E′ 6= ∅
0 E′ = ∅
.
By definition for every G′ we have that 0 ≤ hinner(G′;G) ≤ 1. It is worth
noting the following interpretation to hinner(G
′;G): when E′ 6= ∅ we get by
definition of pathc(V ′, E′, E′), pathc(V ′, E′) that:
hinner(G
′;G) =
∑
v∈V ′ ν(v)
∑
e∈E′,v∈e µ(v, e)
∑
e′∈E′,e\v∈e′ µ(e \ v, e′)∑
v∈V ′ ν(v)
∑
e∈E′,v∈e µ(v, e)
.
Denote ν(V ′) =
∑
v∈V ′ ν(v) and divide both numerator and denominator by
ν(V ′):
hinner(G
′;G) =
∑
v∈V ′
ν(v)
ν(V ′)
∑
e∈E′,v∈e µ(v, e)
∑
e′∈E′,e\v∈e′ µ(e \ v, e′)∑
v∈V ′
ν(v)
ν(V ′)
∑
e∈E′,v∈e µ(v, e)
.
Consider the space
Ω = {(v, e, e′) ∈ Path(G) : v ∈ V ′},
with the probability measure
P (v, e, e′) =
ν(v)
ν(V ′)
µ(v, e)µ(e \ v, e′).
Then for
A1 = {(v, e, e′) ∈ Ω : e ∈ E′},
A2 = {(v, e, e′) ∈ Ω : e′ ∈ E′},
we have
hinner(G
′;G) =
P (A1 ∩ A2)
P (A1)
= P (A2|A1).
Therefore, hinner(G
′;G) is exactly the conditional probability that a 2-step
random walk with a randomly chosen origin v ∈ V ′ stays in G′ given that the
1-step random walk a randomly chosen origin v ∈ V ′ stayed in G′.
6.4 The k-graph of X
Definition 6.5. Let X be an n-dimensional simplicial complex. For −1 ≤ k ≤
n, define the k-graph of X denoted as Xk = (Vk, Ek) as following:
• The vertices of Xk are k-dimensional (unordered) simplices of X, i.e.,
Vk = X
(k).
• For {u0, ..., uk}, {v0, ..., vk} ∈ Vk we have that ({u0, ..., uk}, {v0, ..., vk}) ∈
Ek, if there is a k+1 simplex {w0, ..., wk+1} ∈ X(k+1) such that {w0, ..., wk} =
{u0, ..., uk}, {w1, ..., wk+1} = {v0, ..., vk}.
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Remark 6.6. We remark that in the above definition there are three special
cases worth noting:
1. When k = n then Vn = X
(n) and En = ∅.
2. When k = 0 then X0 is just the 1-skeleton of X.
3. When k = −1 then X−1 is a graph with a single vertex and a loop for
every v ∈ X(0).
Definition 6.7. Let X be an n-dimensional simplicial complex. For l ≥ 0
and non empty sets U0, ..., Ul ⊆ X(0), define a simplicial complex X(U0, ..., Ul)
on dimension min{l, n} that will be a sub complex of X as follows: for every
0 ≤ j ≤ n we have that {u0, ..., uj} ∈ (X(U0, ..., Ul))(j) if:
{u0, ..., uj} ∈ X(j)
and
∃{i0, ..., ij} ⊆ {0, ..., l}, |{i0, ..., ij}|= j + 1, u0 ∈ Ui0 , ..., uj ∈ Uij .
Note that if l < n then by the above definition (X(U0, ..., Ul))
(l+1) = ... =
(X(U0, ..., Ul))
(n) = ∅. X(U0, ..., Ul) will be called the simplicial complex spanned
by U0, ..., Ul.
Definition 6.8. Let X be an n-dimensional simplicial complex, l ≥ 0 and
U0, ..., Ul ⊆ X(0) non empty sets. For k ≤ min{l, n} define Xk(U0, ..., Ul) =
(X(U0, ..., Ul))k, i.e., Xk(U0, ..., Ul) is the k-graph of the simplicial complex
spanned by U0, ..., Ul. Notice that since X(U0, ..., Ul) is a sub complex of X,
we get that Xk(U0, ..., Ul) is a subgraph of Xk.
Definition 6.9. Let ∅ 6= A ⊆ ⋃nk=−1X(k), define
m(A) =
∑
τ∈A
m(τ).
For 0 ≤ k ≤ n and U0, ..., Uk ⊆ X(0) define
m(U0, ..., Uk) = m(Vk(U0, ..., Uk)) =
∑
τ∈Vk(U0,...,Uk)
m(τ).
6.5 Random walk on Xk
Next, we’ll define a random walk on Xk given a weight function on X .
Definition 6.10. Let X be a pure n-dimensional simplicial complex with a
weight function m. For −1 ≤ k ≤ n − 1 we define a conductance function ck
induced by m on Xk in the following way:
• For 0 ≤ k ≤ n− 1 define
∀(τ1, τ2) ∈ Ek, ck((τ1, τ2)) = m(τ1 ∪ τ2).
• As noted before X−1 is a graph with a single vertex and a loop for every
v ∈ X(0). Define c−1(v) = m(v) for every v ∈ X(0).
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Using the conductance function ck we can define a random walk µk and a sta-
tionary measure νk induced by m:
• For 0 ≤ k ≤ n− 1,
∀τ1, τ2 ∈ Vk, µk((τ1, τ2)) =
0 (τ1, τ2) /∈ Ekm(τ1 ∪ τ2)
(k + 1)m(τ1)
(τ1, τ2) ∈ Ek ,
∀τ ∈ Vk, νk(τ) = (k + 1)m(τ).
• For k = −1, we distinguish between the probability to walk on each loop:
for every loop indexed by v ∈ X(0), the probability to travel trough the loop
v is µ−1(v) =
m(v)
m(∅) and we define ν(∅) = m(∅).
As in definition 6.3 we can define the coarse path random walk with respect
to µk, which we’ll denote as
pathµk :
⋃
j∈N
P(Vk)× P(Ek)j → R≥0.
We can also define the coarse path conductance with respect to µk, which we’ll
denote as
pathck :
⋃
j∈N
P(Vk)× P(Ek)j → R≥0.
We’ll see that pathµk, pathck is easy to compute in some special cases:
Proposition 6.11. Let U0, ..., Ul ⊆ X(0), then:
pathµ−1(∅, E−1(U0), ..., E−1(Ul)) = m(U0)...m(Ul)
m(∅)l+1 ,
pathc−1(∅, E−1(U0), ..., E−1(Ul)) = m(U0)...m(Ul)
m(∅)l .
(m(Ui) were defined in definition 6.9).
Proof. Recall that the random walk on X−1 is a random walk on a graph with
one vertex and a loop for every u ∈ X(0), where µ−1(u) = m(u)m(∅) . By this we get
pathµ−1(∅, E−1(U0), ..., E−1(Ul)) = m(U0)...m(Ul)
m(∅)l+1 .
Also, recall that by definition
pathc−1(∅, E−1(U0), ..., E−1(Ul)) = ν(∅)pathµ−1(∅, E−1(U0), ..., E−1(Ul)),
which yields the second equality.
Proposition 6.12. For 0 ≤ k ≤ n − 1 and any U0, ..., Uk+1 ⊆ X(0) we have
that
pathck(Vk(U0, ..., Uk), Ek(U0, ..., Uk+1)) = (k + 1)m(U0, ..., Uk+1).
(m(U0, ..., Uk+1) was defined in definition 6.9).
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Proof. Let {u0, ..., uk} ∈ Vk(U0, ..., Uk) such that u0 ∈ U0, ..., uk ∈ Uk. Recall
that
νk({u0, ..., uk}) = (k + 1)m({u0, ..., uk}).
For every u ∈ Uk+1 such that {u0, ..., uk, u} ∈ X(k) there are k + 1 elements
σ ∈ Vk(U0, ..., Uk+1) such that {u0, ..., uk} ∪ σ = {u0, ..., uk, u}. For every such
σ, we have that ({u0, ..., uk}, σ) ∈ Ek(U0, ..., Uk+1) and
µk(({u0, ..., uk}, σ)) = m({u0, ..., uk, u})
(k + 1)m({u0, ..., uk}) .
Therefore
νk({u0, ..., uk})pathµk({u0, ..., uk}, Ek(U0, ..., Uk+1)) =∑
u∈Uk+1,{u0,...,uk,u}∈X(k+1)(k + 1)m({u0, ..., uk, u}).
Summing on all {u0, ..., uk} ∈ Vk(U0, ..., Uk) such that u0 ∈ U0, ..., uk ∈ Uk, we
get that
pathck(Vk(U0, ..., Uk), Ek(U0, ..., Uk+1)) = (k + 1)m(U0, ..., Uk+1).
Next we’ll define the inner connectivity of U0, ..., Uk:
Definition 6.13. Let 0 ≤ k ≤ n− 1 and U0, ..., Uk ⊆ X(0). Define
hkinner(U0, ..., Uk) =
{
hinner(Xk−1(U0, ..., Uk);Xk−1) U0 6= ∅, ..., Uk 6= ∅
0 otherwise
.
where hinner(Xk−1(U0, ..., Uk);Xk−1) as in definition 6.4.
Remark 6.14. For the cases k = 0, h0inner(U0) is easy to compute from propo-
sition 6.11):
pathc−1(V−1(U0), E−1(U0)) = pathc−1(∅, E−1(U0)) = m(U0),
pathc−1(V−1(U0), E−1(U0), E−1(U0)) = pathc−1(∅, E−1(U0), E−1(U0)) = m(U0)
2
m(∅) .
Therefore
h0inner(U0) =
m(U0)
m(∅) .
Proposition 6.15. Let 1 ≤ k ≤ n − 1 and U0, ..., Uk ⊆ X(0) such that U0 6=
∅, ..., Uk 6= ∅. Then
pathck−1(Vk−1(U0, ..., Uk), Ek−1(U0, ..., Uk)) = k(k + 1)m(U0, ..., Uk).
Proof. For k = 0, see remark above. Assume that 1 ≤ k ≤ n− 1. Note that
pathck−1(Vk−1(U0, ..., Uk), Ek−1(U0, ..., Uk)) =
=
k∑
i=0
pathck−1(Vk−1(U0, ..., Ûi, ..., Uk), Ek−1(U0, ..., Uk)).
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By proposition 6.12 for every i we have
pathck−1(Vk−1(U0, ..., Ûi, ..., Uk), Ek−1(U0, ..., Uk)) = km(U0, ..., Uk).
Therefore we get
pathck−1(Vk−1(U0, ..., Uk), Ek−1(U0, ..., Uk)) = k(k + 1)m(U0, ..., Uk).
By the definition of hkinner(U0, ..., Uk) we get the following corollary:
Corollary 6.16. Let 1 ≤ k ≤ n − 1 and U0, ..., Uk ⊆ X(0) such that U0 6=
∅, ..., Uk 6= ∅. Then
hkinner(U0, ..., Uk) =
pathck−1(Vk−1(U0, .., Uk), Ek−1(U0, .., Uk), Ek−1(U0, .., Uk))
k(k + 1)m(U0, ..., Uk)
.
7 High order Cheeger-type inequalities
High order Cheeger-type inequalities were already shown for simplicial com-
plexes in [PRT12] and [GS14]. Our treatment differs from previous work since
we introduce another factor to the definition of the Cheeger-type constant (see
hkinner below), while previous works only concerned Cheeger-type constants sim-
ilar to our hkout.
7.1 1-dimensional Cheeger inequality from a new perspec-
tive
First, let us rephrase the idea behind the Cheeger inequality in graphs intro-
ducing some new terminology. We’ll start with recalling the Cheeger inequality.
Let G = (V,E) be a graph with no isolated vertices. For every v ∈ V , denote
d(v) as the valency of v, i.e., d(v) = |{(v, u) ∈ E}|. For a set ∅ 6= U ⊆ V , denote
|U |=∑u∈U d(v). For ∅ 6= V1 ⊆ V, ∅ 6= V2 ⊆ V , denote
E(V1, V2) = {(v1, v2) ∈ E : v1 ∈ V1, v2 ∈ V2}.
The Cheeger constant of G is defined as
h(G) = min{ |E(U, V \ U)||U | : ∅ 6= U ⊂ V, |U |≤
1
2
|V |}.
The Cheeger inequality states the following:
Proposition 7.1. If G is connected and λ(G) is the smallest positive eigenvalue
of the graph Laplacian ∆+ of G, then h(G) ≥ 12λ(G).
Next, we’ll rework the statement in a new terminology. Let X be a 1-
dimensional weighted simplicial complex (i.e., X is a weighted graph) with a
weight function m. In this case, X = X0 (recall definition 6.5) and m induced
a random walk on X as in definition 6.10. For ∅ 6= U ⊂ X(0) denote
m(U) =
∑
u∈U
m(u).
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Definition 7.2. Let X be a 1-dimensional weighted simplicial complex with a
weight function m and no isolated vertices. Let ∅ 6= U ⊆ X(0). Define
h0out(U) =
m(U,X(0) \ U)
m(U)
,
where m(U),m(U,X(0) \ U) as in definition 6.9.
If m is the homogeneous weight that assigns each edge in X the weight 1 we
get that
h0out(U) =
|E(U,X(0) \ U)|
|U | .
Therefore, when m is the homogeneous weight, h(X) can be written as
h(X) = min{h0out(U) : ∅ 6= U ⊂ X(0), |U |≤
1
2
|X(0)|}.
In general, we’ll write
h(X) = min{h0out(U) : ∅ 6= U ⊂ X(0),m(U) ≤
1
2
m(X(0))}.
Next, we’ll want to get rid of the condition m(U) ≤ 12m(X(0)) by altering the
definition of h. Recall that by definition 6.13 and the remark that follows it, we
have for every U ⊆ X(0) that
h0inner(U) =
m(U)
m(∅) =
m(U)
m(X(0))
.
Definition 7.3. Let X be a 1-dimensional weighted simplicial complex with a
weight function m and no isolated vertices. Define
h0(X) = max{ε ≥ 0 : ∀∅ 6= U ⊆ X(0), ε(h0inner(U)) + h0out(U) ≥ ε}.
The next proposition shows that a lower bound on h0(X) is more informative
than a lower bound on h(X).
Proposition 7.4. Let X be a 1-dimensional weighted simplicial complex with
a weight function m and no isolated vertices. Then 2h(X) ≥ h0(X).
Proof. Let ε > 0 such that
∀∅ 6= U ⊆ X(0), ε(h0inner(U)) + h0out(U) ≥ ε.
For every ∅ 6= U ⊂ X(0) with m(U) ≤ 12m(X(0)) we get h0inner(U) ≤ 12 and
therefore h0out(U) ≥ 12ε. Since this is true for any such ε we get that 2h(X) ≥
h0(X).
Next, we’ll prove the Cheeger inequality in terms of h0(X) (we basically use
the standard proof of the Cheeger inequality, only write it in terms of h0(X)).
Proposition 7.5. Let X be a 1-dimensional connected weighted simplicial com-
plex with a weight function m. Denote by λ the smallest positive eigenvalue of
∆+0 on X, then h
0(X) ≥ λ.
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Proof. Fix ∅ 6= U ⊆ X(0). Take χU ∈ C0(X,R) as the indicator function of
U . Then by the fact that X is connected and that ∆− is the projection on the
space of constant functions, we get that
‖dχU‖2≥ λ(‖χU‖2−‖∆−χU‖2).
Easy computations give
‖dχU‖2= m(U,X(0) \ U),
‖χU‖2= m(U),
‖∆−χU‖2= m(U)
2
m(∅) .
Therefore
m(U,X(0) \ U) ≥ λm(U)− λm(U)
2
m(∅) .
Which yields
λh0inner(U) + h
0
out(U) ≥ λ,
Since this is true for every ∅ 6= U ⊆ X(0), we get that h0(X) ≥ λ.
7.2 High order Cheeger-type inequalities
Let X be a pure n-dimensional simplicial complex with a weight function m.
We shall prove an analogue to the connection between h0(X) and the smallest
positive eigenvalue of ∆+0 . We’ll start by defining h
k
out(U0, ..., Uk) for any 0 ≤
k ≤ n − 1 and U0, ..., Uk ⊆ X(0) (we recall that hkinner(U0, ..., Uk) was already
defined in definition 6.13).
Definition 7.6. Let X be a pure n-dimensional simplicial complex with a weight
function m. For 0 ≤ k ≤ n − 1 and any pairwise disjoint non empty sets
U0, ..., Uk ⊆ X(0) define
hkout(U0, ..., Uk) =

0 X(0) \⋃ki=0 Ui = ∅
m(U0, ..., Uk, X
(0) \⋃ki=0 Ui)
m(U0, ..., Uk)
otherwise
.
Next, we will define hk(X):
Definition 7.7. Let X be a pure n-dimensional simplicial complex with a weight
function m. For 0 ≤ k ≤ n− 1 define hk(X) as follows:
hk(X) = max{ε ≥ 0 : ∀∅ 6= U0, ..., ∅ 6= Uk ⊆ X(0) pairwise disjoint(
k
k + 1
+ ε
)
hkinner(U0, ..., Uk) +
1
k + 1
hkout(U0, ..., Uk) ≥ ε}.
Our goal is to give a lower bound on hk given a large enough Laplacian
spectral gap for the links of X . This statement will be made precise in theorem
7.12 and corollary 7.13 below.
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Definition 7.8. For 0 ≤ k ≤ n− 1 and any pairwise disjoint sets U0, ..., Uk ⊆
X(0) define the indicator k-form of (U0, ..., Uk), denoted χU0,...,Uk ∈ Ck(X,R),
as:
χU0,...,Uk((u0, ..., uk)) =
{
sgn(pi) ∃pi ∈ Sym({0, ..., k}), ∀i, upi(i) ∈ Ui
0 otherwise
.
We remark that if for some i0 we have that Ui0 = ∅ then χU0,...,Uk is the zero
k-form.
Lemma 7.9. For 0 ≤ k ≤ n−1 and any pairwise disjoint sets U0, ..., Uk ⊆ X(0)
we have that
1.
‖χU0,...,Uk‖2=
{
m(U0, ..., Uk) U0 6= ∅, ..., Uk 6= ∅
0 otherwise
.
2. Denote Uk+1 = X
(0) \⋃ki=0 Ui, then dχU0,...,Uk = (−1)k+1χU0,...,Uk+1 and
‖dχU0,...,Uk‖2=
{
m(U0, ..., Uk+1) U0 6= ∅, ..., Uk+1 6= ∅
0 otherwise
.
Proof. 1. If there is 0 ≤ i0 ≤ k such that Ui0 = ∅ then χU0,...,Uk ≡ 0 and the
statement in the lemma is trivial. Assume that for all 0 ≤ i ≤ k, Ui 6= ∅.
Note that for every σ ∈ Σ(k) the following holds:
χU0,...,Uk(σ)
2 =
{
1 σ ∈ Σ(k) ∩
(⋃
pi∈Sym({0,...,k})Upi(0) × ...× Upi(k)
)
0 otherwise
.
Therefore
‖χU0,...,Uk‖2=
∑
σ∈Σ(k)∩(⋃pi∈Sym({0,...,k}) Upi(0)×...×Upi(k))
m(σ)
(k + 1)!
=
=
∑
σ∈Σ(k)∩(U0×...×Uk)
m(σ) = m(U0, ..., Uk).
2. If there is 0 ≤ i0 ≤ k such that Ui0 = ∅ then χU0,...,Uk ≡ 0 and therefore
dχU0,...,Uk ≡ 0 and we are done. Assume that for all 0 ≤ i ≤ k, Ui 6=
∅. Since dχU0,...,Uk is antisymmetric, it is enough to show that given
(u0, ..., uk+1) = σ ∈ Σ(k + 1) such that
∀0 ≤ i1 < i2 ≤ k + 1, ui1 ∈ Uj1 , ui2 ∈ Uj2 ⇒ j1 ≤ j2,
we have that
dχU0,...,Uk(σ) =
{
(−1)k+1 ∀0 ≤ i ≤ k + 1, ui ∈ Ui
0 otherwise
.
There are free cases where
∀0 ≤ i ≤ k + 1, χU0,...,Uk(σi) = 0
which yields dχU0,...,Uk(σ) = 0:
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• If uk, uk+1 ∈ Uk+1, then for every 0 ≤ i ≤ k + 1, σi contains at least
one vertex in Uk+1 and therefore χU0,...,Uk(σi) = 0.
• If there is i0 such that ui0 , ui0+1, ui0+2 ∈ Uj0 , then for every 0 ≤
i ≤ k + 1, σi contains at least two vertices in Uj0 and therefore
χU0,...,Uk(σi) = 0.
• If there are i0, i1 such that ui0 , ui0+1 ∈ Uj0 , ui1 , ui1+1 ∈ Uj1 , then for
every 0 ≤ i ≤ k+1, σi contains at least two vertices in Uj0 or in Uj1
and therefore χU0,...,Uk(σi) = 0.
Excluding the above cases we are left with only two options - either
∀0 ≤ i ≤ k + 1, ui ∈ Ui,
or there is some 0 ≤ i0 ≤ k such that
∀0 ≤ i ≤ i0, ui ∈ Ui and ∀i0 + 1 ≤ i ≤ k + 1, ui ∈ Ui−1.
Note that the first case can not occur if Uk+1 = ∅. In the first case:
∀0 ≤ i ≤ k + 1, ui ∈ Ui,
implies that ∀0 ≤ i ≤ k, χU0,...,Uk(σi) = 0 and χU0,...,Uk(σk+1) = 1. There-
fore dχU0,...,Uk(σ) = (−1)k+1.
In the second case,
∀0 ≤ i ≤ i0, ui ∈ Ui and ∀i0 + 1 ≤ i ≤ k + 1, ui ∈ Ui−1,
implies that χU0,...,Uk(σi) = 0 for i 6= i0, i0 + 1 and that χU0,...,Uk(σi0 ) =
χU0,...,Uk(σi0+1) = 1. Therefore,
dχU0,...,Uk(σ) = (−1)i0 + (−1)i0+1 = 0.
We conclude that dχU0,...,Uk = χU0,...,Uk+1. Since we showed dχU0,...,Uk =
χU0,...,Uk+1, we have that ‖dχU0,...,Uk‖2= ‖χU0,...,Uk+1‖2 and therefore the
equality for ‖dχU0,...,Uk‖2 is true by 1. .
Lemma 7.10. For 1 ≤ k ≤ n−1 and any pairwise disjoint sets U0, ..., Uk ⊆ X(0)
we have for every 0 ≤ i0 ≤ k and every τ ∈ Σ(k−1)∩
(
U0 × ...× Ûi0 × ...× Uk
)
that
δχU0,...,Uk(τ) =
∑
σ∈Σ(k)∩(U0×...×Uk),τ⊂σ
m(σ)
m(τ)
(−1)i0 .
We also have that
‖δχU0,...,Uk‖2=
1
k
pathck−1(Vk−1(U0, .., Uk), Ek−1(U0, .., Uk), Ek−1(U0, .., Uk)).
Proof. Fix 0 ≤ i0 ≤ k and let τ = (u0, ..., uk−1) ∈ Σ(k) such that
∀0 ≤ i < i0, ui ∈ Ui, ∀i0 ≤ i ≤ k − 1, ui ∈ Ui+1.
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Then
δχU0,...,Uk(τ) =
∑
v∈Σ(0),vτ∈Σ(k)
m(vτ)
m(τ)
χU0,...,Uk(vτ) =
∑
v∈Σ(0)∩Ui0 ,vτ∈Σ(k)
m(vτ)
m(τ)
χU0,...,Uk(vτ) =
∑
σ∈Σ(k)∩(U0×...×Uk),τ⊂σ
m(σ)
m(τ)
(−1)i0 .
It is easy to see that the support of δχU0,...,Uk is contained in Σ(k − 1) ∩⋃k
i=0
⋃
pi∈Sym({0,...,k})Upi(0) × ...× Ûpi(i) × ...× Upi(k). Therefore, by the compu-
tation carried above we get that:
‖δχU0,...,Uk‖2 =
∑
τ∈Σ(k−1)
m(τ)
k!
δχU0,...,Uk(τ)
2 =
k∑
i=0
∑
τ∈Σ(k−1)∩(U0×...×Ûi×...×Uk)
m(τ)
 ∑
σ∈Σ(k)∩(U0×...×Uk),τ⊂σ
m(σ)
m(τ)
2 .
Note that in the above sum can be rewritten as
∑
τ∈Vk−1(U0,...,Uk)
m(τ)
 ∑
σ∈Vk(U0,...,Uk),τ⊂σ
m(σ)
m(τ)
2
For every τ ∈ Vk−1(U0, ..., Uk) and every σVk(U0, ..., Uk) such that τ ⊂ σ, there
are exactly k elements τ ′ ∈ Vk−1(U0, ..., Uk) such that σ = τ ∪ τ ′. By definition
of Ek−1(U0, ..., Uk) we have that
∑
τ ∈Vk−1(U0,...,Uk)
m(τ)
 ∑
σ∈Vk(U0,...,Uk),τ⊂σ
m(σ)
m(τ)
2
=
∑
τ∈Vk−1(U0,...,Uk)
m(τ)
 ∑
(τ,τ ′)∈Ek−1(U0,...,Uk)
1
k
m(τ ∪ τ ′)
m(τ)
2
=
∑
τ∈Vk−1(U0,...,Uk)
∑
(τ,τ1)∈Ek−1(U0,...,Uk)
m(τ ∪ τ1)
k
∑
(τ,τ2)∈Ek−1(U0,...,Uk)
1
k
m(τ ∪ τ2)
m(τ)
=
∑
τ1∈Vk−1(U0,...,Uk)
∑
(τ,τ1)∈Ek−1(U0,...,Uk)
m(τ ∪ τ1)
k
∑
(τ,τ2)∈Ek−1(U0,...,Uk)
1
k
m(τ ∪ τ2)
m(τ)
=
∑
τ1∈Vk−1(U0,...,Uk)
m(τ1)
∑
(τ,τ1)∈Ek−1(U0,...,Uk)
1
k
m(τ ∪ τ1)
m(τ1)
∑
(τ,τ2)∈Ek−1(U0,...,Uk)
1
k
m(τ ∪ τ2)
m(τ)
.
Recall that
νk−1(τ1) = km(τ1), µk−1((τ1, τ)) =
1
k
m(τ ∪ τ1)
m(τ1)
, µk−1((τ, τ2)) =
1
k
m(τ ∪ τ2)
m(τ)
,
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and therefore we get∑
τ1∈Vk−1(U0,...,Uk)
1
k
νk−1(τ1)
∑
(τ,τ1)∈Ek−1(U0,...,Uk)
µk−1((τ1, τ))
∑
(τ,τ2)∈Ek−1(U0,...,Uk)
µk−1((τ, τ2)) =
=
1
k
pathck−1(Vk−1(U0, ..., Uk), Ek−1(U0, ..., Uk), Ek−1(U0, ..., Uk)).
As a corollary of the two above lemmas we get that:
Corollary 7.11. For 0 ≤ k ≤ n− 1 and any pairwise disjoint sets U0, ..., Uk ⊆
X(0) we have that:
hkout =
‖dχU0,...,Uk‖2
‖χU0,...,Uk‖2
,
and that
hkinner = (k + 1)
‖δχU0,...,Uk‖2
‖χU0,...,Uk‖2
.
Proof. The first equality is obvious from lemma 7.9. For the second equality -
the case k = 0 is shown in the proof of proposition 7.5. For k ≥ 1, recall that
by corollary 6.16 we have that
hkinner(U0, ..., Uk) =
pathck−1(Vk−1(U0, .., Uk), Ek−1(U0, .., Uk), Ek−1(U0, .., Uk))
k(k + 1)m(U0, ..., Uk)
.
Therefore the equality follows from lemmas 7.9, 7.10.
Theorem 7.12. Let X be a pure n-dimensional weighted simplicial complex
such that all the links of X of dimension > 0 are connected. For any 0 ≤ k ≤
n− 1, if there is ε > 0 such that⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [
k
k + 1
+ ε,∞),
then hk(X) ≥ ε.
Proof. The case k = 0 was already proven in proposition 7.5 (note that although
the assumption in proposition 7.5 was that X is 1-dimensional, the proof follows
through in the n-dimensional case). Assume that 1 ≤ k ≤ n−1. Let U0, ..., Uk ⊂
X(0) be non empty pairwise disjoint sets. By lemma 5.4 we have that
‖dχU0,...,Uk‖2≥ (k + 1)‖χU0,...,Uk‖2ε−
(
k
k + 1
+ ε
)
‖δφ‖2.
Therefore
1
k + 1
(
k
k + 1
+ ε
) ‖δφ‖2
‖χU0,...,Uk‖2
+
1
k + 1
‖dχU0,...,Uk‖2
‖χU0,...,Uk‖2
≥ ε,
By corollary 7.11 this gives(
k
k + 1
+ ε
)
hkinner(U0, ..., Uk) +
1
k + 1
hkout(U0, ..., Uk) ≥ ε,
and since this is true for any U0, ..., Uk ⊂ X(0) be non empty pairwise disjoint
sets, we get that hk(X) ≥ ε.
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Now we are ready to state exactly and prove theorem 2.3 stated above:
Corollary 7.13. Let X be a pure n-dimensional weighted simplicial complex
such that all the links of X of dimension > 0 are connected. If there is ε > 0
such that ⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [
n− 1
n
+ ε,∞),
then for every 0 ≤ k ≤ n− 1, there is εk(ε) > 0 such that hk(X) ≥ εk.
Proof. For k = n− 1, take εn−1 = ε and apply theorem 7.12. Assume 0 ≤ k ≤
n− 2. Denote f(x) = 2 − 1
x
. By corollary 5.2 for every 0 ≤ k ≤ n− 2 we have
that ⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [fn−k−1(
n− 1
n
+ ε),∞).
Take εk = f
n−k−1(n−1
n
+ ε)− k
k+1 > 0 and apply theorem 7.12 to complete the
proof.
8 Mixing
This section owes its existence to the work done in [Par13] studying mixing for
simplicial complexes given spectral gaps of Laplacians. Our results differ from
those of [Par13] since the Laplacians we use are different (our Laplacians are
normalized with respect to the weight function m). We also prove a mixing
result for (n+1)-partite simplicial complexes based on local spectral expansion,
that is very different in nature to the one proven in [EGL14].
8.1 From Laplacians to coarse paths
Let X be a pure n-dimensional weighted simplicial complex such that all the
links of X of dimension > 0 are connected. For any integer 0 ≥ k and
U0, ..., Uk ⊆ X(0) disjoint, non empty sets define a k-form χU0,...,Uk ∈ Ck(X,R)
as in the previous section:
χU0,...,Uk((u0, ..., uk)) =
{
sgn(pi) ∃pi ∈ Sym({0, ..., k}), upi(0) ∈ U0, ..., upi(k) ∈ Uk
0 otherwise
.
Define a projection PU0,...,Uk : C
k(X,R)→ Ck(X,R) as
PU0,...,Uk(φ) = |χU0,...,Uk |φ, ∀φ ∈ Ck(X,R),
(the multiplication above is point-wise, i.e., for every τ ∈ Σ(k), (|χU0,...,Uk |φ)(τ) =
|χU0,...,Uk(τ)|φ(τ)).
For any k + 1-tuple Ui, ..., Ui+k define
Σ(k)(Ui, ..., Ui+k) = Σ(k) ∩
 ⋃
pi∈Sym({i,...,i+k})
Upi(i) × ...× Upi(i+k).

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Define the sign function with respect to U0, ..., Ul as
sgn(U0, ..., Ul) :
min{l,n}⋃
k=0
l−k⋃
i=0
Σ(k)(Ui, ..., Ui+k)→ {1,−1},
As
∀(u0, ..., uk) ∈ Σ(k)(Ui, ..., Ui+k), sgn(U0, ..., Ul)((u0, ..., uk)) = sgn(pi),
where pi ∈ Sym({i, ..., i + k}) such that (u0, ..., uk) ∈ Upi(i) × ... × Upi(i+k).
Later we’ll just write sgn instead of sgn(U0, ..., Ul) whenever it is clear what are
U0, ..., Ul.
Before the next definition, we remark that in this section we allow some
abuse of notation, referring to ordered simplices as unordered ones for random
walk proposes:
Remark 8.1. Let 0 ≤ k ≤ n− 1. We’ll allow the following abuse of notation:
1. Let τ, τ ′ ∈ Σ(k) such that τ, τ ′ are not the same simplex up to reordering.
If that there is σ ∈ Σ(k+1) such that τ, τ ′ ⊂ σ, denote m(τ ∪ τ ′) = m(σ).
2. Let τ, τ ′ ∈ Σ(k) such that τ, τ ′ are not the same simplex up to reordering,
denote
µk(τ, τ
′) =

m(τ ∪ τ ′)
(k + 1)m(τ)
∃σ ∈ Σ(k + 1), τ, τ ′ ⊂ σ
0 otherwise
.
3. For (u0, ..., uk) = τ ∈ Σ(k), and E1, ..., El ⊂ Ek, denote
pathµk(τ, E1, ..., El) = pathµk({u0, ..., uk}, E1, ..., El).
Definition 8.2. Let X, U0, ..., Ul as above. For 0 ≤ k < min{l, n} Define the
k random walk form Ψk(U0, ..., Ul) ∈ Ck(X,R) as follows:
• For σ ∈ Σ(k)(U0, ..., Uk), define
Ψk(U0, ..., Ul)(σ) =
sgn(σ)pathµk(σ,Ek(U0, ..., Uk+1), ..., Ek(Ul−k−1, ..., Ul)).
• For σ /∈ Σ(k)(U0, ..., Uk), define Ψk(U0, ..., Ul)(σ) = 0.
Also define Ψ−1(U0, ..., Ul) ∈ C−1(X,R) as
Ψ−1(U0, ..., Ul)(∅) = m(U0)...m(Ul)
m(∅)l+1 .
Proposition 8.3. Let X, U0, ..., Ul as above. For 0 ≤ k < min{l, n} − 1 we
have that for every σ ∈ Σ(k)(U0, ..., Uk) that
Ψk(U0, ..., Ul)(σ) = sgn(σ)
∑
σ′∈Σ(k)∩(U1×...×Uk+1)
µk(σ, σ
′)Ψk(U1, ..., Ul)(σ′).
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Proof. Note that for every σ ∈ Σ(k)(U0, ..., Uk) we have that∑
σ′ ∈Σ(k)∩(U1×...×Uk+1)
µk(σ, σ
′)Ψk(U1, ..., Ul)(σ′)
=
∑
σ′∈Σ(k)∩(U1×...×Uk+1)
µk(σ, σ
′)pathµk(σ′, Ek(U1, ...Uk+2), ..., Ek(Ul−k−1, ...Ul))
= pathµk(σ,Ek(U0, ...Uk+1), ..., Ek(Ul−k−1, ...Ul)),
and the claim in the proposition follows.
Lemma 8.4. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X of dimension > 0 are connected. Let 0 ≤ k ≤ n− 1 and
k < l. Then for any disjoint sets U0, ..., Ul ⊆ X(0), we have
(−1)(k+1)(l−k)
(k + 1)l−k−1
(
l−k−1∏
i=0
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul = Ψk(U0, ..., Ul).
Proof. We’ll prove using induction on l. For l = k + 1 we have the form
PU0,...,Uk∆
+
k χU1,...,Uk+1. By the definition of PU0,...,Uk is is clear that
∀σ ∈ (Σ(k) \ Σ(k)(U0, ..., Uk)) ,PU0,...,Uk∆+k χU1,...,Uk+1(σ) = 0.
Since PU0,...,Uk∆
+
k χU1,...,Uk+1 is antisymmetric, it is enough to prove that for
every σ ∈ Σ(k) ∩ (U0 × ...× Uk), the following holds:
(−1)k+1∆+k χU1,...,Uk+1 = Ψk(U0, ..., Uk+1)(σ).
Recall that
∆+k χU1,...,Uk+1(σ) = χU1,...,Uk+1(σ)−
∑
v∈Σ(0)
vσ∈Σ(k+1)
∑
0≤i≤k
(−1)im(vσ)
m(σ)
χU1,...,Uk+1(vσi).
Since σ ∈ (U0 × ...× Uk) we get that χU1,...,Uk+1(σ) = 0. Also, since for every
i > 0, and every v, vσi contains a vertex in U0 we get that χU1,...,Uk+1(vσi) = 0.
For σ0 and every v ∈ Σ(0) such that vσ0 ∈ Σ(k) we have that
χU1,...,Uk+1(vσ0) =
{
(−1)k v ∈ Uk+1
0 otherwise
.
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Therefore
∆+k χU1,...,Uk+1(σ) = −
∑
v∈Uk+1
vσ∈Σ(k+1)
m(vσ)
m(σ)
χU1,...,Uk+1(vσ0)
= (−1)k+1
∑
v∈Uk+1
σv∈Σ(k+1)
m(σv)
m(σ)
= (−1)k+1
∑
v∈Uk+1
σv∈Σ(k+1)
k∑
i=0
m(σ ∪ σiv)
(k + 1)m(σ)
= (−1)k+1
∑
v∈Uk+1
σv∈Σ(k+1)
k∑
i=0
µk(σ, σiv).
Denote σ = (u0, ..., uk) and note that ({u0, ..., uk}, {v0, ..., vk}) ∈ Ek(U0, ..., Uk+1)
if and only if there is some v ∈ Uk+1 and 0 ≤ i ≤ k such that
{v0, ..., vk} = {u0, ..., ûi, ..., uk, v}.
Therefore we have that
(−1)k+1
∑
v∈Uk+1
σv∈Σ(k+1)
k∑
i =0
µk(σ, σiv) = (−1)k+1pathµk(σ,Ek(U0, ..., Uk+1))
= (−1)k+1Ψk(U0, ..., Uk+1)(σ).
This finishes the case l = k + 1. Assume now that the claim is true for l − 1.
This assumption implies that:
(−1)(k+1)(l−1−k)
(k + 1)l−1−k−1
(
l−k−1∏
i=1
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul = Ψk(U1, ..., Ul).
This yields
(−1)(k+1)(l−k)
(k + 1)l−k−1
(
l−k−1∏
i=0
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul =
(−1)k+1
k + 1
PU0,...,Uk∆
+
k Ψk(U1, ..., Ul).
Therefore we are left to prove that
(−1)k+1
k + 1
PU0,...,Uk∆
+
k Ψk(U1, ..., Ul) = Ψk(U0, ..., Ul).
Again, by the definition of PU0,...,Uk is is clear that
∀σ ∈ (Σ(k) \ Σ(k)(U0, ..., Uk)) ,PU0,...,Uk∆+k Ψk(U1, ..., Ul)(σ) = 0.
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Therefore, it is enough to prove that for every σ ∈ Σ(k) ∩ (U0 × ...× Uk), the
following holds:
(−1)k+1
k + 1
∆+k Ψk(U1, ..., Ul)(σ) = Ψk(U0, ..., Ul)(σ).
By the same considerations of the l = k + 1 case, we get that
∆+k Ψk(U1, ..., Ul)(σ) = −
∑
v∈Uk+1
vσ∈Σ(k+1)
m(vσ)
m(σ)
Ψk(U1, ..., Ul)(vσ0)
= (−1)k+1
∑
v∈Uk+1
σv∈Σ(k+1)
m(σv)
m(σ)
Ψk(U1, ..., Ul)(σ0v)
= (−1)k+1(k
+ 1)
∑
v∈Uk+1
σv∈Σ(k+1)
m(σv)
(k + 1)m(σ)
Ψk(U1, ..., Ul)(σ0v)
= (−1)k+1(k
+ 1)
∑
σ′∈Σ(k)∩(U1×...×Uk+1)
m(σ ∪ σ′)
(k + 1)m(σ)
Ψk(U1, ..., Ul)(σ
′)
= (−1)k+1(k
+ 1)
∑
σ′∈Σ(k)∩(U1×...×Uk+1)
µk(σ, σ
′)Ψk(U1, ..., Ul)(σ′)
= (−1)k+1(k + 1)Ψk(U0, ..., Ul)(σ).
Where the last equality is due to proposition 8.3. Therefore
∆+k Ψk(U1, ..., Ul)(σ) = (−1)k+1(k + 1)Ψk(U0, ..., Ul)(σ),
and we are done.
Lemma 8.5. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X are of dimension > 0 connected. Let 1 ≤ k ≤ n− 1 and
k < l. Then for any disjoint, non empty sets U0, ..., Ul ⊆ X(0), we have for(
l−k−1∏
i=0
PUi,...,Uk+i∆
−
k
)
χUl−k,...,Ul ∈ Ck(X,R),
that
∀σ ∈ (Σ(k) \ Σ(k)(U0, ..., Uk)) ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
−
k
)
χUl−k,...,Ul(σ) = 0,
and that for every σ ∈ Σ(k) ∩ (U0 × ...× Uk),
(−1)(l−k)k
kl−k−1
(
l−k−1∏
i=0
PUi,...,Uk+i∆
−
k
)
χUl−k,...,Ul(σ) = Ψk−1(U1, ..., Ul)(σ0).
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Proof. The proof is very similar to the proof of the former lemma, therefore
will omit some details in the proof. The proof is by induction. Start with
l = k + 1.From the definition of PU0,...,Uk it is clear that
∀σ ∈ (Σ(k) \ Σ(k)(U0, ..., Uk)) ,PU0,...,Uk∆−k χU1,...,Uk+1(σ) = 0.
Therefore, we are left to prove that for every σ ∈ Σ(k) ∩ (U0 × ...× Uk),
(−1)k∆−k χU1,...,Uk+1(σ) = Ψk−1(U1, ..., Ul)(σ0).
Recall that
∆−k χU1,...,Uk+1(σ) =
k∑
i=0
(−1)i
∑
v∈Σ(0),vσi∈Σ(k)
m(vσi)
m(σi)
χU1,...,Uk+1(vσi).
Therefore we get
∆−k χU1,...,Uk+1(σ) = (−1)k
∑
v∈Uk+1,σ0v∈Σ(k)
m(σ0v)
m(σ0)
.
For 1 ≤ i ≤ k, σ = (u0, ..., uk) denote σ0i = (u1, ..., ûi, ..., uk). By this notation
we have
(−1)k
∑
v ∈Uk+1,σ0v∈Σ(k)
m(σ0v)
m(σ0)
= (−1)k
∑
v∈Uk+1,σ0v∈Σ(k)
k∑
i=1
m(σ0 ∪ σ0iv)
km(σ0)
= (−1)k
∑
v∈Uk+1,σ0v∈Σ(k)
k∑
i=1
µk−1(σ0, σ0iv)
= (−1)kΨk−1(U1, ..., Uk+1)(σ0).
Assume that the claim is true for l − 1. Denote
Φ =
(−1)(l−1−k)k
kl−1−k
(
l−k−1∏
i=1
PUi,...,Uk+i∆
−
k
)
χUl−k,...,Ul .
Again, it is clear that
PU0,...,Uk∆
−
k Φ
vanishes outside Σ(k)(U0, ..., Uk). Let σ ∈ Σ(k)∩ (U0 × ...× Uk). We are left to
prove that
(−1)k
k
∆−k Φ(σ) = Ψk−1(U1, ..., Ul)(σ0).
Recall that
∆−k Φ(σ) =
k∑
i=0
(−1)i
∑
v∈Σ(0),vσi∈Σ(k)
m(vσi)
m(σi)
Φ(vσi).
By the induction assumption Φ vanishes outside Σ(k)(U1, ..., Uk+1) and therefore
we get
∆−k Φ(σ) = (−1)k
∑
v∈Uk+1,σ0v∈Σ(k)
m(σ0v)
m(σ0v)
Φ(σ0v).
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By the induction assumption Φ(σ0v) = Ψk−1(U2, ..., Ul)(σ01v) and therefore
∆−k Φ(σ) = (−1)k
∑
v∈Uk+1,σ0v∈Σ(k)
m(σ0v)
m(σ0v)
Ψk−1(U2, ..., Ul)(σ01v)
= (−1)kk
∑
v∈Uk+1,σ0v∈Σ(k)
m(σ0 ∪ σ01v)
km(σ0v)
Ψk−1(U2, ..., Ul)(σ01v)
= (−1)kk
∑
v∈Uk+1,σ0v∈Σ(k)
µk−1(σ0, σ01v)Ψk−1(U2, ..., Ul)(σ01v)
= (−1)kk
∑
σ′∈Σ(k−1)∩(U2×...×Uk+1)
µk−1(σ0, σ′)Ψk−1(U2, ..., Ul)(σ′)
= (−1)kkΨk−1(U1, ..., Ul)(σ0),
and we are done.
By the two above lemmas we get
Corollary 8.6. Let X be a pure n-dimensional weighted simplicial complex
such that all the links of X are of dimension > 0 connected. Let 0 ≤ k ≤ n− 1
and k < l. For any disjoint sets U0, ..., Ul ⊆ X(0), denote
pathck(U0, ..., Ul) = pathck(Vk(U0, ..., Uk), Ek(U0, ..., Uk+1), ..., Ek(Ul−k−1, ..., Ul)).
For any such k, l, we have that∣∣∣∣∣
〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul
〉∣∣∣∣∣ = (k+1)l−1−(k+1)pathck(U0, ..., Ul).
In the case k ≥ 1, we also have∣∣∣∣∣
〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
−
k
)
χUl−k,...,Ul
〉∣∣∣∣∣ = kl−1−kpathck−1(U0, ..., Ul).
Proof. For 0 ≤ k ≤ n− 1 and U0, ..., Ul ⊆ X(0) as above. Note that χU0,...,Uk is
supported on Σ(k)(U0, ..., Uk) and that for every k-form φ ∈ Ck(X,R) we have
by antisymmetry of k-forms that
〈χU0,...,Uk , φ〉 =
∑
σ∈Σ(k)∩(U0×...×Uk)
m(σ)χU0,...,Uk(σ)φ(σ) =
=
∑
σ∈Σ(k)∩(U0×...×Uk)
m(σ)φ(σ).
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Therefore, by lemma 8.4∣∣∣∣∣
〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul
〉∣∣∣∣∣
=
∣∣∣∣∣∣(−1)(k+1)(l−k)(k + 1)l−k−1
∑
σ∈Σ(k)∩(U0×...×Uk)
m(σ)Ψk(U0, ..., Ul)(σ)
∣∣∣∣∣∣
=
∣∣∣∣∣∣(k + 1)l−k−2
∑
σ∈Σ(k)∩(U0×...×Uk)
(k + 1)m(σ)Ψk(U0, ..., Ul)(σ)
∣∣∣∣∣∣
=
∣∣∣∣∣∣(k + 1)l−k−2
∑
σ∈Σ(k)∩(U0×...×Uk)
νk(σ)Ψk(U0, ..., Ul)(σ)
∣∣∣∣∣∣
= (k + 1)l−k−2pathck(U0, ..., Ul).
Assume that k ≥ 1, then by lemma 8.5 we have that∣∣∣∣∣
〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
−
k
)
χUl−k,...,Ul
〉∣∣∣∣∣
=
∣∣∣∣∣∣(−1)(l−k)kkl−k−1
∑
σ∈Σ(k)∩(U0×...×Uk)
m(σ)Ψk−1(U1, ..., Ul)(σ0)
∣∣∣∣∣∣
=
∣∣∣∣∣∣kl−k−1
∑
σ∈Σ(k)∩(U0×...×Uk)
km(σk)
m(σk ∪ σ0)
km(σ0)
Ψk−1(U1, ..., Ul)(σ0)
∣∣∣∣∣∣
=
∣∣∣∣∣∣kl−k−1
∑
σ∈Σ(k)∩(U0×...×Uk)
νk−1(σk)µk−1(σk, σ0)Ψk−1(U1, ..., Ul)(σ0)
∣∣∣∣∣∣
=
∣∣∣∣∣∣kl−k−1
∑
τ∈Σ(k−1)∩(U0×...×Uk−1)
νk−1(τ)
∑
τ ′∈Σ(k−1)∩(U1×...×Uk)
µk−1(τ, τ ′)Ψk−1(U1, ..., Ul)(σ0)
∣∣∣∣∣∣
= kl−k−1
∑
τ∈Σ(k−1)∩(U0×...×Uk−1)
νk−1(τ)Ψk−1(U0, ..., Ul)(τ)
= kl−k−1pathck−1(U0, ..., Ul).
Lemma 8.7. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X of dimension > 0 are connected. Let 0 ≤ l. For any
disjoint sets U0, ..., Ul ⊆ X(0) we have that(
l−1∏
i=0
PUi∆
−
0
)
χUl =
m(U1)...m(Ul)
m(X(0))l
χU0 ,
and 〈
χU0 ,
(
l−1∏
i=0
PUi∆
−
0
)
χUl
〉
=
m(U0)...m(Ul)
m(X(0))l
= pathc−1(U0, ..., Ul).
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Proof. Recall that for every φ ∈ C0(X,R), ∆−0 φ is the constant function
∆−0 φ ≡
∑
u∈Σ(0)m(u)φ(u)
m(X(0))
.
Therefore for every non empty set U ⊆ X(0),
∆−0 χU ≡
m(U)
m(X(0))
.
Since for every i, projection the PUi is multiplying by χUi we get that(
l−1∏
i=0
PUi∆
−
0
)
χUl =
(
l−2∏
i=0
PUi∆
−
0
)
PUi∆
−
0 χUl
=
(
l−2∏
i=0
PUi∆
−
0
)
m(Ul)
m(X(0))
χUl−1
=
m(Ul)
m(X(0))
(
l−2∏
i=0
PUi∆
−
0
)
χUl−1
= ...
=
m(U1)...m(Ul)
m(X(0))l
χU0 .
For the second equality - the first equality combined with 〈χU0 , χU0〉 = m(U0)
gives 〈
χU0 ,
(
l−1∏
i=0
PUi∆
−
0
)
χUl
〉
=
m(U0)...m(Ul)
m(X(0))l
,
and by proposition 6.11, we get that
m(U0)...m(Ul)
m(X(0))l
= pathc−1(U0, ..., Ul).
8.2 Mixing for two-sided local spectral expansion
Combining the above results with further assumptions of the spectra of the
Laplacians in the links gives the following:
Lemma 8.8. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X of dimension > 0 are connected. Let 0 ≤ k ≤ n − 1.
Assume that there are κ ≥ λ > k
k+1 such that⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ],
Then for any k < l and any disjoint sets U0, ..., Ul ⊆ X(0) we have that:
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1. For k = 0,∣∣∣∣∣pathc0(U0, ..., Ul)−
(
λ+ κ
2
)l
pathc−1(U0, ..., Ul)
∣∣∣∣∣
≤ l
(κ
2
)l−1(κ− λ
2
)√
m(U0)m(Ul).
2. For 1 ≤ k ≤ n− 1, denote∣∣∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)
−
(
λ+ κ
2
)l−k
kl−1−kpathck−1(U0, ..., Ul)
∣∣∣∣∣ ≤
(l − k)(k
+1)
κ− λ
2
(
(k + 1)κ− k
2
)l−k−1√
m(U0, ..., Uk)m(Ul−k, ..., Ul).
Proof. The proof is very similar in the both cases - k = 0 and k ≥ 1. We’ll
write a detailed proof for the case k = 0 and in the case k ≥ 1, we’ll sometimes
omit some explanations.
1. First, notice that by definition ∆−0 φ is always a constant function and
∆−0 χX(0) ≡ 1. Therefore the spectrum of ∆−0 is always {0, 1}. Also, for
k = 0, we get that⋃
τ∈Σ(−1)
Spec(∆+τ,0) \ {0} = Spec(∆+0 ) \ {0},
therefore Spec(∆+0 ) \ {0} ⊆ [λ, κ].
By corollary 8.6 we have that
pathc0(U0, ..., Ul) =
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi∆
+
0
)
χUl
〉∣∣∣∣∣ .
By lemma 8.7 we have that
pathc−1(U0, ..., Ul) =
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi∆
−
0
)
χUl
〉∣∣∣∣∣ =
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi(−∆−0 )
)
χUl
〉∣∣∣∣∣ .
Therefore∣∣∣∣∣pathc0(U0, ..., Ul)−
(
λ+ κ
2
)l
pathc−1(U0, ..., Ul)
∣∣∣∣∣
≤
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi∆
+
0
)
χUl
〉
−
(
λ+ κ
2
)l〈
χU0 ,
l−1∏
i=0
(
PUi(−∆−0 )
)
χUl
〉∣∣∣∣∣
≤
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l−1∑
j=0
(
λ+ κ
2
)j ∣∣∣∣∣∣
〈
χU0 ,
j−1∏
i=0
(
PUi(−∆−0 )
)(
PUj
(
∆+0 +
(
λ+ κ
2
)
∆−0
)) l−1∏
i=j+1
(
PUi∆
+
0
)
χUl
〉∣∣∣∣∣∣ .
(2)
Next, note that for every constant α ∈ R we have that
∀0 ≤ i ≤ l − 2,PUi(αI)PUi+1 = αPUiPUi+1 = 0.
Therefore we have
j−1∏
i =0
(
PUi(−∆−0 )
) (
PUj
(
∆+0 +
(
λ+ κ
2
)
∆−0
)) l−1∏
i =j+1
(
PUi∆
+
0
)
χUl
=
j−1∏
i=0
(
PUi(
1
2
I −∆−0 )
)(
PUj
(
∆+0 +
(
λ+ κ
2
)
∆−0
− λ+ κ
2
I
)) l−1∏
i=j+1
(
PUi(∆
+
0 −
κ
2
I)
)
χUl .
By the information we have on the spectrum of ∆+0 ,∆
−
0 we get the fol-
lowing bounds on the operator norms:
‖1
2
I −∆−0 ‖≤
1
2
, ‖∆+0 −
κ
2
I‖≤ κ
2
.
By corollary 5.5 for the case k = 0, we have that∥∥∥∥∆+0 + (λ+ κ2
)
∆−0 −
λ+ κ
2
I
∥∥∥∥ ≤ κ− λ2 .
Therefore∥∥∥∥∥∥
j−1∏
i=0
(
PUi(
1
2
I−∆−0 )
)(
PUj
(
∆+0 +
(
λ+ κ
2
)
∆−0 −
(
λ+ κ
2
)
I
)) l−1∏
i=j+1
(
PUi(∆
+
0 −
κ
2
I)
)∥∥∥∥∥∥
≤
(
1
2
)j (
κ− λ
2
)(κ
2
)l−1−j
=
(κ
2
)l−1 (κ− λ
2
)(
1
κ
)j
.
This yields the following bound on (2)
(κ
2
)l−1(κ− λ
2
) l−1∑
j =0
(
λ+ κ
2κ
)j
‖χU0‖‖χUl‖≤ l
(κ
2
)l−1(κ− λ
2
)√
m(U0)m(Ul).
2. By the same considerations as in the k = 0 case we have for 1 ≤ k ≤ n− 1
that
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∣∣∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)−
(
κ+ λ
2
)l−k
kl−1−kpathck−1(U0, ..., Ul)
∣∣∣∣∣ =∣∣∣∣∣
〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul
〉
−
(
κ+ λ
2
)l−k〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i(−∆−k )
)
χUl−k,...,Ul
〉∣∣∣∣∣ ≤
l−1−k∑
j=0
(
κ+ λ
2
)j
∣∣∣∣∣∣
〈
χU0,...,Uk ,
(
j−1∏
i=0
PUi,...,Uk+i(−∆−k )
)
(
PUj ,...,Uk+j
(
∆+k +
(
κ+ λ
2
)
∆−k
))l−k−1∏
i=j+1
PUi,...,Uk+i∆
+
k
χUl−k,...,Ul
〉∣∣∣∣∣∣
As before, we can translate by αI for suitable α’s in order to get
l−1−k∑
j =0
(
κ+ λ
2
)j
∣∣∣∣∣∣
〈
χU0,...,Uk ,
(
j−1∏
i=0
PUi,...,Uk+i(
(k + 1)κ− k
2κ
I −∆−k )
)
(
PUj ,...,Uk+j
(
∆+k +
(
κ+ λ
2
)
∆−k − (k + 1)(
λ+ κ
2
− k
k + 1
)I
))
l−k−1∏
i=j+1
PUi,...,Uk+i(∆
+
k −
(k + 1)κ− k
2
I)
χUl−k,...,Ul
〉∣∣∣∣∣∣
Recall that
Spec(∆+k ) \ {0} ⊆ [(k + 1)λ− k, (k + 1)κ− k],
Spec(∆−k )\{0} ⊆ [k(2−
1
λ
)−(k−1), k(2− 1
κ
)−(k−1)] = [(k + 1)λ− k
λ
,
(k + 1)κ− k
κ
].
Therefore ∥∥∥∥∆+k − (k + 1)κ− k2 I
∥∥∥∥ ≤ (k + 1)κ− k2 ,∥∥∥∥ (k + 1)κ− k2κ I −∆−k
∥∥∥∥ ≤ (k + 1)κ− k2κ .
By corollary 5.5, we get that∥∥∥∥∆+k + (κ+ λ2
)
∆−k − (k + 1)(
λ+ κ
2
− k
k + 1
)I
∥∥∥∥ ≤ (k + 1)κ− λ2 .
65
Therefore we have the following upper bound on the sum above
(k + 1)
κ− λ
2
√
m(U0, ..., Uk)m(Ul−k, ..., Ul)
l−1−k∑
j =0
(
λ+ κ
2
)j (
(k + 1)κ− k
2κ
)j (
(k + 1)κ− k
2
)l−k−1−j
= (k + 1)
κ− λ
2
(
(k + 1)κ− k
2
)l−k−1√
m(U0, ..., Uk)m(Ul−k, ..., Ul)
l−1−k∑
j=0
(
λ+ κ
2κ
)j
≤
(l − k)(k + 1)κ− λ
2
(
(k + 1)κ− k
2
)l−k−1√
m(U0, ..., Uk)m(Ul−k, ..., Ul).
Recall that by corollary 5.2 bounds on the non trivial spectrum of the 1-
dimensional links yielded bounds of the non trivial spectrum of the links of all
dimensions larger than 1. By this we have the following mixing theorem:
Theorem 8.9. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X of dimension > 0 are connected. Denote f(x) = 2 − 1
x
and f j to be the composition of f with itself j times (where f0 is defined as
f0(x) = x). Assume there are κ ≥ λ > n−1
n
such that⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ].
For every 0 ≤ j ≤ n− 1, denote
λj = f
n−1−j(λ), κj = fn−1−j(κ),
rj =
λj + κj
2
, εj = (l − j)(j + 1)
(
(j + 1)κj − j
2
)l−j−1
κj − λj
2
.
Then for every 0 ≤ k ≤ n − 1 and for every k < l and any disjoint sets
U0, ..., Ul ⊆ X(0) we have that:∣∣∣∣∣∣(k + 1)l−1−(k+1) pathck(U0, ..., Ul)−
 k∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
k∑
i=0
εi
 k∏
j=i+1
rl−jj
√m(U0, ..., Ui)m(Ul−i, ..., Ul).
Proof. We’ll prove the theorem by induction on k. For k = 0, recall that
m(U0)...m(Ul)
m(X(0))l
= pathc−1(U0, ..., Ul).
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By corollary 5.2, we have that⋃
τ∈Σ(−1)
Spec(∆+τ,0) \ {0} ⊆ [fn−1(λ), fn−1(κ)].
Therefore, by the lemma 8.8, we get that∣∣pathc0(U0, ..., Ul)− rl0pathc−1(U0, ..., Ul)∣∣ =∣∣∣∣∣pathc0(U0, ..., Ul)−
(
fn−1(λ) + fn−1(κ)
2
)l
pathc−1(U0, ..., Ul)
∣∣∣∣∣ ≤
l
(
fn−1(κ)
2
)l−1(
fn−1(κ)− fn−1(λ)
2
)√
m(U0)m(Ul) =
ε0
√
m(U0)m(Ul),
and we are done. Next, assume that the theorem holds for k − 1, then we have∣∣∣∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)−
 k∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)− rl−kk kl−1−kpathck−1(U0, ..., Ul)∣∣∣
+ rl−kk
∣∣∣∣∣∣kl−1−kpathck−1(U0, ..., Ul)−
k−1∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)− rl−kk kl−1−kpathck−1(U0, ..., Ul)∣∣∣
+ rl−kk
k−1∑
i=0
εi
 k−1∏
j=i+1
rl−jj
√m(U0, ..., Ui)m(Ul−i, ..., Ul)
By corollary 5.2,⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [fn−1−k(λ), fn−1−k(κ)] = [λk, κk].
And we finish by applying lemma 8.8.
Now we are ready to give the exact statement and proof of theorem 2.6
stated above:
Corollary 8.10. Let X be a pure n-dimensional weighted simplicial complex
such that all the links of X of dimension > 0 are connected. If there are κ ≥
λ > n−1
n
such that ⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ].
Then for every 1 ≤ l ≤ n there are continuous functions El(λ, κ),Al(λ, κ) such
that
lim
(λ,κ)→(1,1)
El(λ, κ) = 0, lim
(λ,κ)→(1,1)
Al(λ, κ) = 1,
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and such that every non empty disjoint sets U0, ..., Ul ⊆ X(0) the following
inequalities holds:∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣ ≤ El(λ, κ) min0≤i<j≤l√m(Ui)m(Uj),
and ∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣ ≤ El(λ, κ) (m(U0)...m(Ul)) 1l+1 .
Proof. Recall that for every 1 ≤ l ≤ n− 1 we have by proposition 6.12 that
m(U0, ..., Ul) =
pathcl−1(U0, ..., Ul)
l+ 1
.
Then by theorem 8.9 with l, k = l − 1 we get∣∣∣∣∣∣m(U0, ..., Ul)−
l−1∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
√m(U0, ..., Ui)m(Ul−i, ..., Ul)
≤
√
m(U0)m(Ul)
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
√m(U0, ..., Ui)
m(U0)
m(Ul−i, ..., Ul)
m(Ul)
≤
√
m(U0)m(Ul)
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
 ,
where the last inequality is due to the fact that for every i,
m(U0, ..., Ui) ≤ m(U0),m(Ul−i, ..., Ul) ≤ m(Ul).
Note that for every i,
lim
(λ,κ)→(1,1)
ri = 1, lim
(λ,κ)→(1,1)
εi = 0.
Therefore, denoting
Al(λ, κ) =
l−1∏
j=0
rl−jj ,
El(λ, κ) =
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
 ,
yields the inequality∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣ ≤ El(λ, κ)√m(U0)m(Ul),
with
lim
(λ,κ)→(1,1)
El(λ, κ) = 0, lim
(λ,κ)→(1,1)
Al(λ, κ) = 1.
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Note that by definition ofm(U0, ..., Ul), we have any reordering pi ∈ Sym({0, ..., l})
that
m(U0, ..., Ul) = m(Upi(0), ..., Upi(l))
Therefore, for every 0 ≤ i < j ≤ l, we have∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣ ≤ El(λ, κ)√m(Ui)m(Uj).
Taking i, j such that m(Ui)m(Uj) is minimal yields the first inequality stated
above. Next, multiply the inequalities for all the different choices of 0 ≤ i <
j ≤ l: (∣∣∣∣m(U0, ..., Ul)−Al(λ, κ)m(U0)...m(Ul)m(X(0))l
∣∣∣∣)
l(l+1)
2
≤ (El(λ, κ))
l(l+1)
2
√
m(U0)l...m(Ul)l.
Taking both sides to the power 2
l(l+1) yields the second inequality stated above.
8.3 Mixing for partite simplicial complexes
The above mixing result dealt with general simplicial complexes. Here we deal
with mixing for (n + 1)-partite simplicial complexes, which is an analogue to
mixing in bipartite graphs. The proof of the mixing results is very similar to
the proofs of the mixing in the general case, but relays on corollary 5.17 instead
of corollary 5.5 that was used in the general case. For the convenience of the
reader, we shall repeat all the arguments in the proofs even where there is a
substantial overlap with the arguments given in the proofs of the mixing in the
general case.
Lemma 8.11. Let X be a pure n-dimensional, weighted, (n + 1)-partite sim-
plicial complex such that all the links of X of dimension > 0 are connected.
Denote by S0, ..., Sn the sides of X. Let 0 ≤ k ≤ n − 1. Assume that there is
λ > k
k+1 such that ⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [λ,∞),
Then for any k < l ≤ n and any disjoint sets U0 ⊆ S0, ..., Ul ⊆ Sl we have
that:
1. For k = 0,∣∣∣∣∣pathc0(U0, ..., Ul)−
(
n+ 1
n
)l
pathc−1(U0, ..., Ul)
∣∣∣∣∣
≤ l
(
n+ 1
2n
)l−1 (
(n+ 1)(1− λ)
2
)√
m(U0)m(Ul).
69
2. For 1 ≤ k ≤ n− 1, denote∣∣∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)
−
(
n+ 1− k
n− k
)l−k
kl−1−kpathck−1(U0, ..., Ul)
∣∣∣∣∣ ≤
(l − k)(k + 1)(n+ 1− k)1− λ
2
(
n+ 1
2(n− k)
)l−k√
m(U0, ..., Uk)m(Ul−k, ..., Ul).
Proof. The proof is very similar in the both cases - k = 0 and k ≥ 1. We’ll
write a detailed proof for the case k = 0 and in the case k ≥ 1, we’ll sometimes
omit some explanations.
1. First, notice that by definition ∆−0 φ is always a constant function and
∆−0 χX(0) ≡ 1. Therefore the spectrum of ∆−0 is always {0, 1}. Also, for
k = 0, we get that⋃
τ∈Σ(−1)
Spec(∆+τ,0) \ {0} = Spec(∆+0 ) \ {0},
therefore Spec(∆+0 ) \ {0} ⊆ [λ, n+1n ], where the upper bound is due to
corollary 5.7.
By corollary 8.6 we have that
pathc0(U0, ..., Ul) =
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi∆
+
0
)
χUl
〉∣∣∣∣∣ .
By lemma 8.7 we have that
pathc−1(U0, ..., Ul) =
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi∆
−
0
)
χUl
〉∣∣∣∣∣ =
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi(−∆−0 )
)
χUl
〉∣∣∣∣∣ .
Therefore∣∣∣∣∣pathc0(U0, ..., Ul)−
(
n+ 1
n
)l
pathc−1(U0, ..., Ul)
∣∣∣∣∣
≤
∣∣∣∣∣
〈
χU0 ,
l−1∏
i=0
(
PUi∆
+
0
)
χUl
〉
−
(
n+ 1
n
)l〈
χU0 ,
l−1∏
i=0
(
PUi(−∆−0 )
)
χUl
〉∣∣∣∣∣
≤
l−1∑
j=0
(
n+ 1
n
)j ∣∣∣∣∣∣
〈
χU0 ,
j−1∏
i=0
(
PUi(−∆−0 )
) (
PUj
(
∆+0 +
(
n+ 1
n
)
∆−0
)) l−1∏
i=j+1
(
PUi∆
+
0
)
χUl
〉∣∣∣∣∣∣ .
(3)
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Next, note for any α ∈ R we have that
∀0 ≤ i ≤ l − 2,PUi(αI)PUi+1 = αPUiPUi+1 = 0.
Also, for any constant α ∈ R and for any 0 ≤ j ≤ n, we have by corollary
3.15 that
∀0 ≤ i ≤ l − 2,PUi(α∆−(0,j))PUi+1 = αPUi∆−(0,j)PUi+1 = 0,
(note that here we are using the assumption that U0 ⊆ S0, ..., Ul ⊆ Sl).
Therefore we have
j−1∏
i =0
(
PUi(−∆−0 )
)(
PUj
(
∆+0 +
(
n+ 1
n
)
∆−0
)) l−1∏
i =j+1
(
PUi∆
+
0
)
χUl
=
j−1∏
i=0
(
PUi(
1
2
I −∆−0 )
)
PUj
∆+0 + n+ 1n ∆−0 − 2 + n(1− λ)2 I − ( (n+ 1)2n − (n+ 1)2 2 + n(1− λ)2 )
n∑
j=0
∆−(0,j)

l−1∏
i=j+1
(
PUi(∆
+
0 −
n+ 1
2n
I)
)
χUl .
By the information we have on the spectrum of ∆+0 ,∆
−
0 we get the fol-
lowing bounds on the operator norms:
‖1
2
I −∆−0 ‖≤
1
2
, ‖∆+0 −
n+ 1
2n
I‖≤ n+ 1
2n
.
By corollary 5.17 for the case k = 0, we have that∥∥∥∥∥∥∆+0 + n+ 1n ∆−0 − 2 + n(1− λ)2 I
− ( (n+ 1)
2
n
− (n+ 1)2 2 + n(1 − λ)
2
)
n∑
j=0
∆−(0,j)
∥∥∥∥∥∥ ≤ (n+ 1)(1− λ)2 .
Therefore∥∥∥∥∥∥
j−1∏
i=0
(
PUi(
1
2
I −∆−0 )
)
PUj
∆+0 + n+ 1n ∆−0 − 2 + n(1− λ)2 I − ( (n+ 1)2n − (n+ 1)2 2 + n(1− λ)2 )
n∑
j=0
∆−(0,j)

l−1∏
i=j+1
(
PUi(∆
+
0 −
n+ 1
2n
I)
)∥∥∥∥∥∥ ≤
(
1
2
)j (
(n+ 1)(1− λ)
2
)(
n+ 1
2n
)l−1−j
=
(
n+ 1
2n
)l−1 (
(n+ 1)(1− λ)
2
)(
n
n+ 1
)j
.
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This yields the following bound on (3)(
n+ 1
2n
)l−1 (
(n+ 1)(1− λ)
2
) l−1∑
j =0
(
n+ 1
n
)j (
n
n+ 1
)j
‖χU0‖‖χUl‖=
l
(
n+ 1
2n
)l−1(
(n+ 1)(1− λ)
2
)√
m(U0)m(Ul).
2. By the same considerations as in the k = 0 case we have for 1 ≤ k ≤ n− 1
that∣∣∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)−
(
n+ 1− k
n− k
)l−k
kl−1−kpathck−1(U0, ..., Ul)
∣∣∣∣∣ =∣∣∣∣∣
〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i∆
+
k
)
χUl−k,...,Ul
〉
−
(
n+ 1− k
n− k
)l−k〈
χU0,...,Uk ,
(
l−k−1∏
i=0
PUi,...,Uk+i(−∆−k )
)
χUl−k,...,Ul
〉∣∣∣∣∣ ≤
l−1−k∑
j=0
(
n+ 1− k
n− k
)j
∣∣∣∣∣∣
〈
χU0,...,Uk ,
(
j−1∏
i=0
PUi,...,Uk+i(−∆−k )
)
(
PUj ,...,Uk+j
(
∆+k +
(
n+ 1− k
n− k
)
∆−k
))l−k−1∏
i=j+1
PUi,...,Uk+i∆
+
k
χUl−k,...,Ul
〉∣∣∣∣∣∣
As before, note for any α ∈ R we have that
∀0 ≤ i ≤ l−k−1,PUi,...,Uk+i(αI)PUi+1,...,Uk+i+1 = αPUi,...,Uk+iPUi+1,...,Uk+i+1 = 0.
Also, for any 0 ≤ j ≤ n, we have by corollary 3.15 that
∀0 ≤ i ≤ l − 2, ∀0 ≤ i ≤ l− k − 1,PUi,...,Uk+i(α∆−(0,j))PUi+1,...,Uk+i+1 = 0,
(note that here we are using the assumption that U0 ⊆ S0, ..., Ul ⊆ Sl).
Therefore we have
l−1−k∑
j =0
(
n+ 1− k
n− k
)j
∣∣∣∣∣∣
〈
χU0,...,Uk ,
(
j−1∏
i=0
PUi,...,Uk+i(
n+ 1
2(n+ 1− k)I−∆
−
k )
)PUj ,...,Uk+j
∆+k +n+ 1− kn− k ∆−k
−(2 + (n− k)(1− λ)
2
)I−( (n+ 1− k)
2
n− k −(n+1−k)
22 + (n− k)(1− λ)
2
)
n∑
j=0
∆−(k,j)

l−k−1∏
i=j+1
PUi,...,Uk+i(∆
+
k −
n+ 1
2(n− k)I)
χUl−k,...,Ul
〉∣∣∣∣∣∣
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Recall that
Spec(∆+k ) ⊆
[
0,
n+ 1
n− k
]
,
Spec(∆−k ) ⊆
[
0,
n+ 1
n+ 1− k
]
.
Therefore ∥∥∥∥∆+k − n+ 12(n− k)I
∥∥∥∥ ≤ n+ 12(n− k) ,∥∥∥∥ n+ 12(n+ 1− k)I −∆−k
∥∥∥∥ ≤ n+ 12(n+ 1− k) .
By corollary 5.17, we get that∥∥∥∥∥∥∆+k + n+ 1− kn− k ∆−k − (2 + (n− k)(1 − λ)2 )I
− ( (n+ 1− k)
2
n− k − (n+ 1− k)
2 2 + (n− k)(1− λ)
2
)
n∑
j=0
∆−(k,j)
∥∥∥∥∥∥ ≤ (k
+ 1)(n+ 1− k)1− λ
2
.
Therefore we have the following upper bound on the sum above
(k + 1)(n+ 1− k)1− λ
2
√
m(U0, ..., Uk)m(Ul−k, ..., Ul)
l−1−k∑
j =0
(
n+ 1− k
n− k
)j (
n+ 1
2(n+ 1− k)
)j (
n+ 1
2(n− k)
)l−k−1−j
=(l− k)(k + 1)(n+ 1− k)1− λ
2
(
n+ 1
2(n− k)
)l−k√
m(U0, ..., Uk)m(Ul−k, ..., Ul).
Using corollary 5.2 we can show the following mixing theorem:
Theorem 8.12. Let X be a pure n-dimensional, weighted, (n+1)-partite sim-
plicial complex such that all the links of X of dimension > 0 are connected.
Denote by S0, ..., Sn the sides of X. Denote f(x) = 2 − 1x and f j to be the
composition of f with itself j times (where f0 is defined as f0(x) = x). Assume
there is λ > n−1
n
such that⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ,∞).
For every 0 ≤ j ≤ n− 1, denote
λj = f
n−1−j(λ), εj = (l − j)
(
n+ 1
2(n− j)
)l−j
(j + 1)(n+ 1− j)1− λj
2
,
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rj =
(
n+ 1− j
n− j
)l−j
.
Then for every 0 ≤ k ≤ n − 1 and for every k < l ≤ n and any disjoint sets
U0 ⊆ S0, ..., Ul ⊆ Sl we have that:∣∣∣∣∣∣(k + 1)l−1−(k+1) pathck(U0, ..., Ul)−
 k∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
k∑
i=0
εi
 k∏
j=i+1
rl−jj
√m(U0, ..., Ui)m(Ul−i, ..., Ul).
Proof. We’ll prove the theorem by induction on k. For k = 0, recall that
m(U0)...m(Ul)
m(X(0))l
= pathc−1(U0, ..., Ul).
By corollary 5.2, we have that⋃
τ∈Σ(−1)
Spec(∆+τ,0) \ {0} ⊆ [fn−1(λ),∞).
Therefore, by the lemma 8.11, we get that∣∣∣∣∣pathc0(U0, ..., Ul)−
(
n+ 1
n
)l
pathc−1(U0, ..., Ul)
∣∣∣∣∣
≤ l
(
n+ 1
2n
)l (
(n+ 1)(1− fn−1(λ))
2
)√
m(U0)m(Ul)
= ε0
√
m(U0)m(Ul),
and we are done. Next, assume that the theorem holds for k − 1, then we have∣∣∣∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)−
 k∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)− rl−kk kl−1−kpathck−1(U0, ..., Ul)∣∣∣
+ rl−kk
∣∣∣∣∣∣kl−1−kpathck−1(U0, ..., Ul)−
k−1∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
∣∣∣(k + 1)l−1−(k+1)pathck(U0, ..., Ul)− rl−kk kl−1−kpathck−1(U0, ..., Ul)∣∣∣
+ rl−kk
k−1∑
i=0
εi
 k−1∏
j=i+1
rl−jj
√m(U0, ..., Ui)m(Ul−i, ..., Ul).
By corollary 5.2,⋃
τ∈Σ(k−1)
Spec(∆+τ,0) \ {0} ⊆ [fn−1−k(λ),∞) = [λk,∞).
And we finish by applying lemma 8.11.
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Now we are ready to give the exact statement and proof of theorem 2.10
stated above:
Corollary 8.13. Let X be a pure n-dimensional, weighted, (n+1)-partite sim-
plicial complex such that all the links of X of dimension > 0 are connected.
Denote by S0, ..., Sn the sides of X. If there is λ >
n−1
n
such that⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ,∞).
Then for every 1 ≤ l ≤ n, there is a continuous function El(λ) such that
lim
λ→1
El(λ) = 0,
and such that every non empty disjoint sets U0 ⊆ S0, ..., Ul ⊆ Sl the following
inequalities holds:∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤ El(λ) min
0≤i<j≤l
√
m(Ui)m(Uj)
m(Si)m(Sj)
,
and ∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤ El(λ)
(
m(U0)...m(Ul)
m(S0)...m(Sl)
)
) 1
l+1
.
Proof. Recall that for every 1 ≤ l ≤ n− 1 we have by proposition 6.12 that
m(U0, ..., Ul) =
pathcl−1(U0, ..., Ul)
l+ 1
.
Then by theorem 8.12 with l, k = l − 1 we get∣∣∣∣∣∣m(U0, ..., Ul)−
l−1∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l
∣∣∣∣∣∣
≤
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
√m(U0, ..., Ui)m(Ul−i, ..., Ul)
≤
√
m(U0)m(Ul)
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
√m(U0, ..., Ui)
m(U0)
m(Ul−i, ..., Ul)
m(Ul)
≤
√
m(U0)m(Ul)
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
 ,
where the last inequality is due to the fact that for every i,
m(U0, ..., Ui) ≤ m(U0),m(Ul−i, ..., Ul) ≤ m(Ul).
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Dividing the above inequality by m(X(0)) yields∣∣∣∣∣∣m(U0, ..., Ul)m(X(0)) −
l−1∏
j=0
rl−jj
 m(U0)...m(Ul)
m(X(0))l+1
∣∣∣∣∣∣
≤
√
m(U0)m(Ul)
m(X(0))
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
 .
Note that
l−1∏
j =0
rl−jj =
(
n+ 1
n
)l(
n
n− 1
)l−1
...
(
n− l+ 2
n− l+ 1
)
=
(n+ 1)l
n(n− 1)...(n− l+ 1) .
Also note that by the proposition 3.5 we have for every 0 ≤ i ≤ n that
m(Si) =
m(X(0))
n+ 1
.
Therefore we can write the above inequality as∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤
√
m(U0)m(Ul)
m(X(0))
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj

=
√
m(U0)m(Ul)
m(S0)m(Sl)
(n+ 1)
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
 .
Note that for every i,
lim
λ→1
εi = 0.
Therefore, denoting
El(λ) = (n+ 1)
l−1∑
i=0
εi
 l−1∏
j=i+1
rl−jj
 ,
yields the inequality∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤ El(λ)
√
m(U0)m(Ul)
m(S0)m(Sl)
.
with
lim
λ→1
El(λ) = 0.
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Note that by definition ofm(U0, ..., Ul), we have any reordering pi ∈ Sym({0, ..., l})
that
m(U0, ..., Ul) = m(Upi(0), ..., Upi(l))
Therefore, for every 0 ≤ i < j ≤ l, we have∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
≤ El(λ)
√
m(Ui)m(Uj)
m(Si)m(Sj)
.
Taking i, j such that m(Ui)m(Uj) is minimal yields the first inequality stated
above. Next, multiply the inequalities for all the different choices of 0 ≤ i <
j ≤ l: ∣∣∣∣m(U0, ..., Ul)m(X(0)) − 1(n+ 1)n(n− 1)...(n− l + 1)m(U0)...m(Ul)m(S0)...m(Sl)
∣∣∣∣
l(l+1)
2
≤ El(λ)
l(l+1)
2
(√
m(U0)...m(Ul)
m(S0)...m(Sl)
)l
.
Taking both sides to the power 2
l(l+1) yields the second inequality stated above.
9 Geometric overlap property
In [Gro10], Gromov defined the geometric overlap property for complexes. We’ll
define a weighted analogue of this property. We shall need the following defini-
tion first:
Definition 9.1. Let X be an n-dimensional simplicial complex and let φ :
X(0) → Rn be a map. The geometric extension of φ is the unique map φ˜ : X →
R
n that extends φ affinely, i.e., for every 0 ≤ l ≤ n and every {u0, ..., ul} ∈ X(l),
φ˜ maps {u0, ..., ul} to the simplex in Rn spanned by φ(u0), ..., φ(ul).
Using the above definition, the geometrical overlap property is defined as
follows:
Definition 9.2. Let X be a n-dimensional simplicial complex and let ε > 0.
We shall say that X has the ε-geometric overlap if for every map φ : X(0) → Rn
and for the geometric extension φ˜ of φ, there is a point O ∈ Rn such that
|{σ ∈ X(n) : O ∈ φ˜(σ)}|≥ ε|X(n)|.
Generalizing to the weighted setting, the weighted geometrical overlap prop-
erty is defined as follows:
Definition 9.3. Let X be a weighted n-dimensional simplicial complex with
a weight function m and let ε > 0. We shall say that X has the weighted
ε-geometric overlap if for every map φ : X(0) → Rn and for the geometric
extension φ˜ of φ, there is a point O ∈ Rn such that
m({σ ∈ X(n) : O ∈ φ˜(σ)}) ≥ εm(X(n)).
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Remark 9.4. When m is the homogeneous weight, we have that m(X(n)) =
|X(n)| and the weighted definition coincides with the non-weighted definition.
The aim of this section is to show that mixing results above imply weighted
geometric overlap, both for the general case of mixing and for (n + 1)-partite
simplicial complexes.
9.1 Geometric overlap from mixing for general simplicial
complexes
We shall start by quoting the following result from the appendix:
Theorem (A.9). Let V be a finite set and m : V → R+ be some fixed map.
Then for n ∈ N, there are constants ω(n) > 0, c(n) > 0 such that for every
φ : V → Rn, one of the following holds:
1. There is u ∈ V such that
m(u) ≥ ω(n) 1
2(n+ 1)
m(V ).
2. There are pairwise disjoint sets Q0, ..., Qn ⊂ V such that for every 0 ≤
i ≤ n,
m(Qi) ≥ c(n) 1
2(n+ 1)
m(V ),
and ⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅,
where conv(u0, ..., un) is the closure of the convex hull of φ(u0), ..., φ(un)
(i.e., the closed simplex spanned by φ(u0), ..., φ(un) in R
n).
Based on the above, we shall prove the following:
Theorem 9.5. Let X be a weighted n-dimensional simplicial complex with a
weight function m. Assume that are constants 0 < An, 0 ≤ En such that for
every pairwise disjoint, non empty sets U0, ..., Un ⊂ X(0) the following holds:∣∣∣∣m(U0, ..., Un)−Anm(U0)...m(Un)m(X(0))n
∣∣∣∣ ≤ En (m(U0)...m(Un)) 1n+1 .
Assume farther that
En
An <
(
c(n)
2(n+ 1)
)n
,
where c(n) is the constant mentioned in theorem A.9 above. Then X has
weighted ε-geometric overlap with
ε = min
{
ω(n)
2(n+ 1)2
,An n! c(n)
2
((
c(n)
2(n+ 1)
)n
− EnAn
)}
,
where ω(n), c(n) are the constants mentioned in theorem A.9 above.
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Proof. Fix φ : X(0) → Rn. If there is u ∈ X(0) such that
m(u) ≥ ω(n) 1
2(n+ 1)
m(X(0)).
Then for O = φ(u) we have that (using proposition 3.5)
m({σ ∈ X(n) : O ∈ φ˜(σ)}) ≥ m({σ ∈ X(n) : u ∈ σ})
=
1
n!
m(u)
≥ 1
n!
ω(n)
1
2(n+ 1)
m(X(0)).
Using proposition 3.5 again to deduce
m(X(0)) = (n+ 1)!m(X(n)),
we get that
m({σ ∈ X(n) : O ∈ φ˜(σ)}) ≥ ω(n) 1
2(n+ 1)2
m(X(n))
≥ εm(X(n)).
Assume now that for every u ∈ X(0), we have that
m(u) < ω(n)
1
2(n+ 1)
m(X(0)).
By theorem A.9 stated above we have that there pairwise disjoints setsQ0, ..., Qn
such that for every 0 ≤ i ≤ n,
m(Qi) ≥ c(n) 1
2(n+ 1)
m(X(0)),
and ⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅.
By our assumption on mixing, we also have∣∣∣∣m(Q0, ..., Qn)−Alm(Q0)...m(Qn)m(X(0))n
∣∣∣∣ ≤ En (m(Q0)...m(Qn)) 1n+1 .
which yields
m(Q0, ..., Qn) ≥ An
(
m(Q0)...m(Qn)
m(X(0))n
− EnAn (m(Q0)...m(Qn))
1
n+1
)
= An (m(Q0)...m(Qn))
1
n+1
((
(m(Q0)...m(Qn))
1
n+1
m(X(0))
)n
− EnAn
)
≥ An c(n)
2(n+ 1)
m(X(0))
((
c(n)
2(n+ 1)
)n
− EnAn
)
= Ann! c(n)
2
((
c(n)
2(n+ 1)
)n
− EnAn
)
m(X(n))
≥ εm(X(n)).
(Again, we used the fact that m(X(0)) = (n+ 1)!m(X(n)))
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Now we are ready to give the exact statement and the proof of theorem 2.8
stated above:
Corollary 9.6. Let X be a pure n-dimensional weighted simplicial complex such
that all the links of X of dimension > 0 are connected. There is a continuous
function ε(λ, κ) : [0, 1]× [1, 2]→ R such that:
• We have that
lim
(λ,κ)→(1,1)
ε(λ, κ) = min
{
ω(n)
2(n+ 1)2
,
n! c(n)
2
(
c(n)
2(n+ 1)
)n}
> 0,
when c(n), ω(n) is the constants as in the above theorem.
• For a given κ, λ if λ > n−1
n
, ε(λ, κ) > 0, and⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ, κ],
then X has ε(λ, κ)-geometric overlap.
Proof. Combine the above theorem with corollary 8.10.
9.2 Geometric overlap from mixing for partite complexes
The proof of geometric overlap as a consequence of mixing in the (n+1)-partite
case is almost the same as in the general case. For the convenience of the reader
we will repeat all the arguments. First, let us recall the weighted version of
Pach’s theorem for the (n+ 1)-partite case proven in the appendix:
Theorem (A.1). Let V be a finite set and m : V → R+ be some fixed map. For
U ⊆ V , denote
m(U) =
∑
u∈U
m(u).
Then for n ∈ N, there are constants 0 < ω(n) ≤ 1, c(n) > 0 such that for every
φ : V → Rn and every disjoint partition of V , S0, ..., Sn, one of the following
holds:
1. There is a vertex u ∈ V such that
m(u) ≥ ω(n)min{m(S0), ...,m(Sn)}.
2. There are sets Q0 ⊆ S0, ..., Qn ⊆ Sn such that for every 0 ≤ i ≤ n,
m(Qi) ≥ c(n)m(Si),
and ⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅,
where conv(φ(u0), ..., φ(un)) is the closed convex hull of φ(u0), ..., φ(un)
(i.e., the closure of the simplex spanned by φ(u0), ..., φ(un) in R
n).
Based on the above, we shall prove the following:
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Theorem 9.7. Let X be a weighted, (n + 1)-partite, pure n-dimensional sim-
plicial complex with a weight function m. Denote the sides of X by S0, ..., Sn.
Assume that there is a constant 0 ≤ En such that for every non empty sets
U0 ⊆ S0, ..., Un ⊆ Sn the following holds:∣∣∣∣m(U0, ..., Un)m(X(0)) − 1(n+ 1)!m(U0)...m(Un)m(S0)...m(Sn)
∣∣∣∣ ≤ En(m(U0)...m(Un)m(S0)...m(Sn)
) 1
n+1
.
Assume further that
En < c(n)
n
n!
Then X has weighted ε-geometric overlap with
ε = min
{
ω(n)
(n+ 1)2
, c(n) (c(n)n − (n+ 1)! En)
}
.
Proof. Fix φ : X(0) → Rn. Note that by definition we have for every i that
m(Si) =
m(X(0))
n+ 1
.
If there is u ∈ X(0) such that
m(u) ≥ ω(n)m(Si) = ω(n)m(X
(0))
n+ 1
.
Then for O = φ(u) we have that (using proposition 3.5)
m({σ ∈ X(n) : O ∈ φ˜(σ)}) ≥ m({σ ∈ X(n) : u ∈ σ})
=
1
n!
m(u)
≥ 1
n!
ω(n)
1
n+ 1
m(X(0)).
Using proposition 3.5 again to deduce
m(X(0)) = (n+ 1)!m(X(n)),
we get that
m({σ ∈ X(n) : O ∈ φ˜(σ)}) ≥ ω(n) 1
(n+ 1)2
m(X(n))
≥ εm(X(n)).
Assume now that for every u ∈ X(0), we have that
m(u) < ω(n)
1
n+ 1
m(X(0)) = ω(n)min{m(S0), ...,m(Sn)}.
By theorem A.1 stated above we have that there pairwise disjoints sets Q0 ⊆
S0, ..., Qn ⊆ Sn such that for every 0 ≤ i ≤ n,
m(Qi) ≥ c(n)m(Si),
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and ⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅.
By our assumption on mixing, we also have∣∣∣∣m(Q0, ..., Qn)m(X(0)) − 1(n+ 1)!m(Q0)...m(Qn)m(S0)...m(Sn)
∣∣∣∣ ≤ En(m(Q0)...m(Qn)m(S0)...m(Sn)
) 1
n+1
.
which yields
m(Q0, ..., Qn)
≥ m(X(0))
(
1
(n+ 1)!
m(Q0)...m(Qn)
m(S0)...m(Sn)
− En
(
m(Q0)...m(Qn)
m(S0)...m(Sn)
) 1
n+1
)
= m(X(0))
(
m(Q0)...m(Qn)
m(S0)...m(Sn)
) 1
n+1
(
1
(n+ 1)!
(
m(Q0)...m(Qn)
m(S0)...m(Sn)
) n
n+1
− En
)
≥ m(X(0))c(n)
(
c(n)n
(n+ 1)!
− En
)
= m(X(n))(n+ 1)! c(n)
(
c(n)n
(n+ 1)!
− En
)
= m(X(n))c(n) (c(n)n − (n+ 1)! En)
≥ εm(X(n)).
(Again, we used the fact that m(X(0)) = (n+ 1)!m(X(n)))
Now we are ready to give the exact statement and the proof of theorem 2.12
stated above:
Corollary 9.8. Let X be a pure n-dimensional, weighted, (n+ 1)-partite sim-
plicial complex such that all the links of X of dimension > 0 are connected.
There is a continuous function ε(λ) : [0, 1]→ R such that:
• We have that
lim
λ→1
ε(λ) = min
{
ω(n)
(n+ 1)2
, c(n)n+1
}
> 0,
when ω(n), c(n) are the constants as in the above theorem.
• For a given λ if λ > n−1
n
, ε(λ) > 0, and⋃
τ∈Σ(n−2)
Spec(∆+τ,0) \ {0} ⊆ [λ,∞),
then X has ε(λ)-geometric overlap.
Proof. Combine the above theorem with corollary 8.13.
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10 Examples
10.1 Groups acting on simplicial complexes
Let Γ be a discrete group acting simplicially and cocompactly on a connected
infinite simplicial complex X˜. Denote by d the distance on X˜. Assume that
min{d(v, g.v) : g ∈ Γ \ {e}, v ∈ X˜(0)} ≥ 3.
This assumption implies that every link inX = X˜/Γ which is not the trivial link,
X∅ = X , is isomorphic to a link in X˜. This leads to the following observation:
under the above assumptions, if X˜ above is pure n-dimensional such that all
the links of X˜ are connected (apart from the 0-dimensional links) and such that
there is λ > n−1
n
such that
inf
τ∈X˜(n−2)
λ(X˜τ ) ≥ λ,
then X = X˜/Γ has λ-local spectral expansion. If in addition there is κ < 2 such
that
sup
τ∈X˜(n−2)
κ(X˜τ ) ≤ κ,
then X = X˜/Γ has two sided (λ, κ)-local spectral expansion.
Examples of this sort appear in the explicit construction of Ramanujan com-
plexes in [LSV05]. Specifically, it is shown there that given any prime q and any
r ∈ N (r > 1 if q = 2), there is an affine building X˜ of type A˜n and thickness
qr+1 and a sequence of Γi acting simplicially and cocompactly on X˜ such that
the quotients Xi = X˜/Γi are arbitrarily large, i.e.,
lim
i→∞
∣∣∣∣(X˜/Γi)(0)∣∣∣∣ =∞,
and such that for every i,
min{d(v, g.v) : g ∈ Γi \ {e}, v ∈ X˜(0)} ≥ 3.
We will not review the theory of Tits buildings here, but only recall that an
affine building of type A˜n is a connected, pure n-dimensional simplicial complex
with connected links (apart from the 0-dimensional links) such that for every
τ ∈ X˜(n−2) we have one of the following options:
1. X˜τ is a complete bipartite graph. In this case
λ(X˜τ ) = 1, κ(X˜τ ) = 2.
2. X˜τ is a spherical building of type A2 and thickness q
r + 1. In this case
(see [FH64]),
λ(X˜τ ) = 1−
√
qr
qr + 1
, κ(X˜τ ) = 2.
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It is clear that if q, r are large enough with respect to n (for instance, if qr > n2),
then for every τ ∈ X˜(n−2) we have
λ(X˜τ ) ≥ 1−
√
qr
qr + 1
>
n− 1
n
and Xi = X˜/Γi will have (1 −
√
qr
qr+1 )-local spectral expansion for every i. In
this example, achieving mixing in the general case is hopeless because the 1-
dimensional links are bipartite graphs (therefore one should not expect two-sided
local spectral expansion). However, Choosing the right Γi’s, one can make
sure that X˜/Γi is a (n + 1)-partite simplicial complex and therefore has the
mixing result for the (n+1)-partite case. From this using corollary 9.8, one can
construct an infinite family of simplicial complexes with the same ε-geometric
overlap (given the q is chosen to be large enough). A similar construction was
given in [FGL+12] but the arguments used there to show mixing (and therefore
geometric overlap) where completely different.
More generally, groups acting on simplicial Tits-building under the conditions
mentioned above are likely to provide examples of simplicial complexes with
local spectral expansion, provided that the thickness of the building is large
enough (we recall that the spectral gaps of all 1-dimensional links that appear
in a simplicial Tits-building where calculated explicitly in [FH64]). Also, if can
take quotients such that the simplicial complexes are (n+ 1)-partite, then one
can get mixing and geometric overlap for large enough thickness. The fact that
quotients of any affine building yields a simplicial complexes with geometric
overlap was conjectured in [Lub13], but as far as we know, we are the first to
prove it.
10.2 Random complexes
First let us describe the model X(N, p) for random complexes. X ∼ X(N, p) is
randomly chosen in the following way:
1. X has N vertices {v1, ..., vN}.
2. For every two vertices vi, vj , there is an edge between vi, vj with proba-
bility p.
3. After all the edges are randomly chosen, X is completed to be a flag
complex, i.e., for every set {vi1 , ..., vik} we have:
{vi1 , ..., vik} ∈ X(k−1) ⇔ ∀1 ≤ j < l ≤ k, {vij , vil} ∈ X(1).
In random complex theory, one is usually interested in asymptotic properties
when N →∞. We shall say that X ∼ X(N, p) has some property P with high
probability if
lim
N→∞
P(X has property P) = 1.
In [Kah14] it is shown that for every n ∈ N, if X ∼ X(N, p) such that there is
some ε > 0 such that
p ≥
((
n
2 + 1 + ε
)
logN
N
) 1
n+1
,
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then (the n-skeleton of) X has the following properties with high probability:
1. X is pure n-dimensional ([Kah14][Lemma 3.1]).
2. X is connected (this is simply due to Erdo˝s-Re´nyi theorem).
3. All the 1, ..., (n− 1)-dimensional links of are connected ([Kah14][Proof of
part (1) of Theorem 1.1]).
4. For every α > 0 and every σ ∈ X(n−2), λ(Xσ) ≥ 1−α and κ(Xσ) ≤ 1+α.
([Kah14][Proof of part (1) of Theorem 1.1] only proves this result only
for λ(Xσ), but using [HKP13][Theorem 1.1], the result for κ(Xσ) also
follows).
Therefore, we get that for suitable p(N,n), X ∼ X(N, p) is with high prob-
ability (the n-skeleton of ) X is pure n-dimensional simplicial complex that has
for every α > 0 a two-sided (1 − α, 1 + α)-local spectral expansion. Therefore,
if α is small enough, by corollary 9.6 these complexes will have ε(1− α, 1 + α)-
geometric overlap, where ε(1− α, 1 + α) > 0.
A A weighted version of a result by Pach
The aim of this appendix is to prove the following version of a theorem by Pach
proven in [Pac98] (all the ideas of this proof appear in [Pac98], the aim of the
appendix is just to adapt the ideas to the weighted setting).
Theorem A.1. Let V be a finite set and m : V → R+ be some fixed map. For
U ⊆ V , denote
m(U) =
∑
u∈U
m(u).
Then for n ∈ N, there are constants 0 < ω(n) ≤ 1, c(n) > 0 such that for every
φ : V → Rn and every disjoint partition of V , S0, ..., Sn, one of the following
holds:
1. There is a vertex u ∈ V such that
m(u) ≥ ω(n)min{m(S0), ...,m(Sn)}.
2. There are sets Q0 ⊆ S0, ..., Qn ⊆ Sn such that for every 0 ≤ i ≤ n,
m(Qi) ≥ c(n)m(Si),
and ⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅,
where conv(φ(u0), ..., φ(un)) is the closed convex hull of φ(u0), ..., φ(un)
(i.e., the closure of the simplex spanned by φ(u0), ..., φ(un) in R
n).
To prove the theorem we shall need a few preliminary results.
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Lemma A.2. Let V be a finite set, S0, ..., Sn be a disjoint partition of V and
m : V → R+ be some fixed map. For a set A ⊆ S0 × ...× Sn, denote
e(A) =
∑
(u0,...,un)∈A
m(u0)m(u1)...m(un).
Assume there is β > 0 and a set A ⊆ S0 × ...× Sn such that
e(A) ≥ βm(S0)...m(Sn).
Let 0 < ε1 ≤ ε2 < 1, such that
1− ε1
1− ε2 (1− ε
n+1
2 ) < 1.
Then there are non empty subsets T0 ⊆ S0, ..., Tn ⊆ Sn and a constant α =
α(n, ε1, ε2), 0 < α < 1, such that the following holds:
1. For any 0 ≤ i ≤ n, we have that
m(Ti) ≥ β 1αm(Si).
2.
e(A ∩ (T0 × ...× Tn)) ≥ βm(T0)...m(Tn).
3. For every subsets Q0 ⊆ T0, ..., Qn ⊆ Tn with ε1 ≤ m(Qi)m(Ti) ≤ ε2 for every
0 ≤ i ≤ n, we have that e(A ∩ (Q0 × ...×Qn)) > 0.
Proof. Fix 0 < ε1 ≤ ε2 < 1, such that
1− ε1
1− ε2 (1− ε
n+1
2 ) < 1.
Define
g(x) =
n∑
i=0
(1 − ε1)1−xεi(1−x)2 = (1 − ε1)1−x
1− εn+1−(n+1)x2
1− ε1−x2
.
It is easy to see that g(x) is continuous on the interval [0, 1) and that
g(0) =
1− ε1
1− ε2 (1− ε
n+1
2 ) < 1.
Choose some α > 0 such that g(α) < 1 (as noted above the value of such α
depends on ε1, ε2 and n). Next, choose T0 ⊆ S0, ..., Tn ⊆ Sn such that
e(A ∩ (T0 × ...× Tn))
(m(T0)...m(Tn))
1−α
is maximal. By maximality we get that
e(A ∩ (T0 × ...× Tn))
(m(T0)...m(Tn))
1−α ≥
e(A)
(m(S0)...m(Sn))
1−α
=
e(A)
(m(S0)...m(Sn))
(m(S0)...m(Sn))
α
≥ β (m(S0)...m(Sn))α
≥ β (m(T0)...m(Tn))α .
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which yields
e(A ∩ (T0 × ...× Tn)) ≥ βm(T0)...m(Tn).
From the same computation, combined with the inequality
(m(T0)...m(Tn))
α ≥ e(A ∩ (T0 × ...× Tn))
(m(T0)...m(Tn))
1−α ,
we get that
(m(T0)...m(Tn))
α ≥ β (m(S0)...m(Sn))α .
Therefore,
m(T0)...m(Tn) ≥ β 1αm(S0)...m(Sn).
Which yields for every i:
m(Ti) ≥ β 1αm(Si)m(S0)
m(T0)
...
m(Si−1)
m(Ti−1)
m(Si+1)
m(Ti+1)
...
m(Sn)
m(Tn)
≥ β 1αm(Si).
Next, let Q0 ⊆ T0, ..., Qn ⊆ Tn with ε1 ≤ m(Qi)m(Ti) ≤ ε2 for every 0 ≤ i ≤ n. Then
e(A ∩ (Q0 × ...×Qn)) = e(A∩ (T0× ...×Tn))−e(A∩ ((T0 \Q0)×T1× ...×Tn))
− e(A ∩ (Q0 × (T1 \Q1)× T2 × ...× Tn))− ...
− e(A ∩ (Q0 ×Q1 × ...×Ql−1 × (Tn \Qn))).
Note that
e(A ∩ ((T0 \Q0)× T1 × ...× Tn))
(m((T0 \Q0))m(T1)...m(Tn))1−α
≤ e(A ∩ (T0 × T1 × ...× Tn))
(m((T0)m(T1)...m(Tn))
1−α .
Therefore
e(A ∩ ((T0 \Q0)× T1 × ...× Tn) ≤
(
m((T0 \Q0))
m(T0)
)1−α
e(A
∩ (T0 × T1 × ...× Tn)) ≤ (1 − ε1)1−αe(A ∩ (T0 × T1 × ...× Tn)).
In the same manner, for every 0 ≤ i ≤ n we have that
e(A ∩ (Q0 ×Q1 × ...×Qi−1 × (Ti \Qi)× Ti+1 × ...× Tn) ≤
(1− ε1)1−αεi(1−α)2 e(A ∩ (T0 × T1 × ...× Tn)).
Therefore
e(A ∩ (Q0 × ...×Qn)) ≥ e(A ∩ (T0 × ...× Tn))
(
1−
n∑
i=0
(1− ε1)1−αεi(1−α)2
)
= e(A ∩ (T0 × ...× Tn))(1 − g(α))
> 0.
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Remark A.3. The condition
1− ε1
1− ε2 (1− ε
n+1
2 ) < 1
obviously holds when ε1 = ε2. Therefore for every 0 < ε1, if one takes ε2 such
that ε2− ε1 is small enough, then the condition above holds. Explicitly, one can
always take ε2 = ε1 + (1 − ε1)εn+11 :
1− ε1
1− ε2 (1 − ε
n+1
2 ) =
1− ε1
1− ε1 − (1− ε1)εn+11
(1 − (ε1 + (1 − ε1)εn+11 )n+1)
<
1− ε1
1− ε1 − (1− ε1)εn+11
(1− εn+11 )
= 1.
Another result we’ll need is a Boros-Fu¨redi type theorem for the weighted
case taken from Karasev [Kar12]:
Theorem A.4. Let µ0, ..., µn be discrete probability measures on R
n. A ran-
dom n-simplex is a simplex spanned by x0, ..., xn ∈ Rn where for every i, xi is
distributed according to the measure µi. Then for any choice of µ0, ..., µn there
is a point O ∈ Rn such that the probability of a random n-simplex to contain O
is ≥ 1(n+1)! .
Remark A.5. The result stated in [Kar12][Theorem 1] is for absolutely con-
tinuous probability measures, but in the remark after [Kar12][Theorem 2] it is
explained how to pass from continuous probability measures to discrete measures.
Next, recall that a (n+1)-tuple of convex sets in Rn is called separated any
j of them can be strictly separated from the other n + 1 − j by a hyperplane.
A family of convex sets in Rn is called separated, if any (n + 1)-tuple of the
family is separated. The following theorem taken from [GPW96] gives a nice
characterization of separated families:
Theorem A.6. A family of convex sets in Rn is separated if and only if no
n+ 1 of its members can be intersected by a hyperplane.
Corollary A.7. Let C0, ..., Cn, {O} be a separated family of convex sets in
R
n (O ∈ Rl is a single point). If there are p0 ∈ C0, ..., pn ∈ Cn such that
O ∈ conv(p0, ..., pl), then for every q0 ∈ C0, ..., qn ∈ Cn, we have that O ∈
conv(q0, ..., qn).
Proof. Assume towards contradiction that there are points q0 ∈ C0, ..., qn ∈
Cn, such that O /∈ conv(q0, ..., qn). For 0 ≤ γ ≤ 1 and 0 ≤ i ≤ n, denote
γpi + (1− γ)qi ∈ Ci the corresponding point on the interval connecting pi and
qi. From continuity we get that there is some γ
′ such that O is in on an n− 1
face of the simplex spanned by γ′p0, ..., γ′pn, but this is in contradiction (by the
above theorem) to the fact the C0, ..., Cn, {O} is a separated family.
Last, we’ll need the following separation with respect to weight result:
Lemma A.8. Let V a finite set, m : V → R+, S0, ..., Sn a disjoint partition of
V , T0 ⊆ S0, ..., Tn ⊆ Sn non empty sets and φ : V → Rn be a map that sends V
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to points in general position in Rn.
Assume that for every u ∈ V , we have that
m(u) ≤
min{m(T0)
m(S0)
, ..., m(Tn)
m(Sn)
}
22+n2n
1
n
min{m(S0), ...,m(Sn)}.
Then for every point O ∈ Rn \ (φ(T0) ∪ ... ∪ φ(Tn)), there are non empty sets
Q0 ⊆ T0, ..., Qn ⊆ Tn such that
∀0 ≤ i ≤ n,m(Qi) ≥ 1
1 + 2n2n
m(Ti),
and conv(φ(Q0)), ..., conv(φ(Qn)), {O} is a separated family in Rn.
Proof. Denote
Ω =
min{m(T0)
m(S0)
, ..., m(Tn)
m(Sn)
}
22+n2n
.
For every hyperplane H in Rn denote by H+, H− the two open half spaces
”above” and ”below” H . We’ll start by choosing T ′0 ⊆ T0, ..., T ′n ⊆ Tn such that
conv(φ(T ′0)), ..., conv(φ(T ′n)) is a separated (n+1)-tuple in Rn withm(T ′0), ...,m(T ′n)
that are not ”too small”. This is done using the discrete ham sandwich theorem
(see for instance [Hil88]). Start with T0, ..., Tn, if conv(φ(T0)), ..., conv(φ(Tn))
is a separated n+ 1 tuple, we are done.
Otherwise, say that conv(φ(T0)), ..., conv(φ(Tj)) are not separated by a hyper-
plane from conv(φ(Tj+1)), ..., conv(φ(Tn)). By the ham sandwich theorem there
is a hyperplane H such that for every 0 ≤ i ≤ n− 1, we have
m(Ti ∩ φ−1(H+ ∪H)) ≥ 1
2
m(Ti) and m(Ti ∩ φ−1(H− ∪H)) ≥ 1
2
m(Ti).
Note that by the assumption that φ(V ) is in general position in Rn, we have
that for every i, there are at most n vertices v1, ..., vn ∈ Ti such that
φ(v1), ..., φ(vn) ∈ H.
Therefore we have for every i that
m(Ti ∩ φ−1(H)) ≤ nΩ
n
m(Si) = Ωm(Si).
Therefore
m(Ti∩φ−1(H+)) ≥ 1
2
m(Ti)−Ωm(Si) and m(Ti∩φ−1(H−)) ≥ 1
2
m(Ti)−Ωm(Si).
Without loss of generality, we also have
m(Tn ∩ φ−1(H+)) ≥ 1
2
m(Tn)− Ωm(Sn).
Then define new sets
∀0 ≤ i ≤ j, T (1)i = Ti ∩ φ−1(H−),
∀j + 1 ≤ i ≤ n, T (1)i = Ti ∩ φ−1(H+).
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If conv(φ(T
(1)
0 )), ..., conv(φ(T
(1)
n )) is a separated (n + 1)-tuple, we are done.
Otherwise repeat the above process. Notice that after at most 2n steps, we get
a separated (n+ 1)-tuple conv(φ(T ′0)), ..., conv(φ(T
′
l )) with
∀0 ≤ i ≤ n,m(T ′i ) ≥
1
22n
m(Ti)−
2n−1∑
k=0
1
2k
Ωm(Si).
In the same manner, we can have, for example, T ′′0 ⊆ T ′0, ..., T ′′n−1 ⊆ T ′n−1, T ′′n =
T ′n such that {O}, conv(φ(T ′′0 )), ..., conv(φ(T ′′n−1)) is a separated (n + 1)-tuple
(the only difference is that when applying the above process, we always keep
the point O even in the cases where H passes through it). After that, we’ll
apply the same process to get T ′′′0 ⊆ T ′′0 , ..., T ′′′n−1 = T ′′n−1, T ′′′n ⊆ T ′′n such that
{O}, conv(φ(T ′′0 )), ..., conv(φ(T ′′n−2)), conv(φ(T ′′n )) is a separated (n + 1)-tuple
and so on. Therefore, at the end we’ll have sets Q0 ⊆ T0, ..., Qn ⊆ Tn such that
conv(φ(Q0)), ..., conv(φ(Qn)), {O} is a separated family and for every 0 ≤ i ≤ n,
we have that:
m(Qi) ≥ 1
2n2n
m(Ti)−
n2n−1∑
k=0
1
2k
Ωm(Si)
≥ 1
2n2n
m(Ti)− 2Ωm(Si)
≥ 1
2n2n
m(Ti)− 2 1
22+n2n
m(Ti)
m(Si)
m(Si)
≥ 1
21+n2n
m(Ti).
Now we are finally ready to prove theorem A.1:
Proof. Let V and m : V → R+ as in the theorem. Denote ε1 = 121+n2n and take
ε2 such that ε2 > ε1 and such that the condition in lemma A.2 holds (this can
be done for instance, by choosing ε2 as in the remark after lemma A.2). Denote
α = α(n, ε1, ε2) as the constant from lemma A.2. Choose
ω(n) = min
{
1
n22+n2n
, ε2 − ε1
}(
1
(n+ 1)!
) 1
α
.
Fix a disjoint partition S0, ..., Sl. We’ll split the proof into two cases:
Case 1 (assuming general position):
Assume that φ : V → Rn such that V to points in general position in Rn.
We’ll use theorem A.4. For every 0 ≤ i ≤ n define a measure
µi =
∑
u∈Si
m(u)
m(Si)
δu,
where δu is the delta measure at u. By theorem A.4, there is a point O ∈ Rn,
such that for the set
A = {(u0, ..., un) ∈ S0 × ...× Sn : O ∈ conv(u0, ..., un)},
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we have the following inequality:∑
(u0,...,ul)∈A
µ0(u0)...µn(un) ≥ 1
(n+ 1)!
.
Note that this inequality can be rewritten (in the notation of lemma A.2) as:
e(A) ≥ 1
(n+ 1)!
m(S0)...m(Sn).
Note that for all i, we have that O /∈ φ(Si). Indeed, if, for example, O ∈
φ(S0), then we denote s0 = φ
−1({O}) ∈ S0 (this is a single vertex, from the
general position assumption) and without loss of generality, we can assume
A = {s0} × S1 × ...× Sn. Therefore,
e(A) = m(s0)m(S1)...m(Sn) ≥ 1
(n+ 1)!
m(S0)m(S1)...m(Sn).
This yields that
m(s0) ≥ m(S0)
(n+ 1)!
> ω(n)min{m(S0), ...,m(Sn)}.
in contradiction to the choice of ω(n).
By lemma A.2 with ε1, ε2, α as above, there are sets T0 ⊆ S0, ..., Tn ⊆ Sn with
∀0 ≤ i ≤ n,m(Ti) ≥
(
1
(n+ 1)!
) 1
α
m(Si).
Note that for every 0 ≤ i ≤ n, we have that
m(Ti)
m(Si)
1
n22+n2n
≥
(
1
(n+ 1)!
) 1
α 1
n22+n2n
≥ ω(n).
Therefore, we can apply lemma A.8 and get Q0 ⊆ T0, ..., Qn ⊆ Tn such that
conv(φ(Q0)), ..., conv(φ(Qn)), {O} is a separated family in Rn and
∀0 ≤ i ≤ n, 1
21+n2n
= ε1 ≤ m(Qi)
m(Ti)
.
Note that from the definition of ω(n) we have that for every u ∈ Si that
m(u)
m(Si)
≤ ω(n),
and therefore for every i and for every u ∈ Ti,
m(u)
m(Ti)
=
m(u)
m(Si)
m(Si)
m(Ti)
≤ ω(n)m(Si)
m(Ti)
≤ ω(n) 1(
1
(n+ 1)!
) 1
α
≤ ε2 − ε1.
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Therefore, by deleting elements from the Qi’s, if necessary, we can make sure
that
∀0 ≤ i ≤ n, ε1 ≤ m(Qi)
m(Ti)
≤ ε2.
By lemma A.2, we have that
e(A ∩ (Q0 × ...×Qn)) > 0.
This implies there is (q0, ..., qn) ∈ Q0×...×Qn such thatO ∈ conv(φ(q0), ..., φ(ql)).
By our choice of Q0, ..., Qn, conv(φ(Q0)), ..., conv(φ(Qn)), {O} is a separated
family, and therefore by corollary A.7, we have that
O ∈
⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)).
Notice that for every 0 ≤ i ≤ n,
m(Qi) ≥ ε1m(Ti) ≥ ε1
(
1
(n+ 1)!
) 1
α
m(Si) =
1
21+n2n
(
1
(n+ 1)!
) 1
α
m(Si),
therefore we can take
c(n) =
1
21+n2n
(
1
(n+ 1)!
) 1
α
.
Case 2:
Assume now that φ : V → Rn is arbitrary (φ(V ) is not necessarily in general
position in Rn). By taking arbitrarily small perturbations of φ we generate a
sequence φj : V → Rn such that for each j, φj(V ) is in general position in Rn
and such that
lim
j→∞
sup
u∈V
|φ(u) − φj(u)|= 0.
From case 1, we have that for every such φj , there are sets Q
j
0 ⊆ S0, ..., Qjn ⊆ Sn
and a point Oj ∈ Rn, such that
m(Qi) ≥ c(n)m(Si),
and
Oj ∈
⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)).
After passing to a subsequence, we can assume that there are setsQ0 ⊆ S0, ..., Qn ⊆
Sn such that for every j,
Q0 = Q
j
0, ..., Qn = Q
j
n.
Also, up to passing to a subsequence, we can assume that the sequence Oj is
convergent in Rn and denote
O = lim
j→∞
Oj .
Therefore we get that
m(Qi) ≥ c(n)m(Si).
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Also, for every (u0, ..., un) ∈ Q0 × ...×Qn we have that
Oj ∈ conv(φj(u0), ..., φj(un)),
lim
j→∞
φj(u0) = φ(u0), ..., lim
j→∞
φj(un) = φ(un), lim
j→∞
Oj = O.
This implies that for every (u0, ..., un) ∈ Q0 × ...×Qn,
O ∈ conv(φ(u0), ..., φ(un)),
and we are done.
Corollary A.9. Let V be a finite set and m : V → R+ be some fixed map.
Then for n ∈ N, we have that for every φ : V → Rn, one of the following holds:
1. There is u ∈ V such that
m(u) ≥ ω(n) 1
2(n+ 1)
m(V ),
where ω(n) is the constant in theorem A.1.
2. There are pairwise disjoint sets Q0, ..., Qn ⊂ V such that for every 0 ≤
i ≤ n,
m(Qi) ≥ c(n) 1
2(n+ 1)
m(V ),
where c(n) is the constant in theorem A.1, and⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅,
where conv(u0, ..., un) is the closure of the convex hull of φ(u0), ..., φ(un)
(i.e., the closed simplex spanned by φ(u0), ..., φ(un) in R
n).
Proof. Fix φ : V → Rn. By the choice of ω(n) in the proof of theorem A.1, it is
clear that ω(n) < 1. Therefore, we can assume that for every u ∈ V ,
m(u) <
1
2(n+ 1)
m(V ).
Consider now the following partitioning algorithm: order the elements of V as
u1, ..., u|V | such that for all j, m(uj) ≥ m(uj+1). Partition accolading to the
following algorithm:
1. S00 = ∅, ..., S0n = ∅.
2. For 1 ≤ j ≤ |V |, choose Sj−1i such that
m(Sj−1i ) = min{m(Sj−10 ), ...,m(Sj−1n )},
(for this algorithm, if Sj−1i is empty, then m(S
j−1
i ) = 0). Set
Sj0 = S
j−1
0 , ..., S
j
i−1 = S
j−1
i−1 , S
j
i+1 = S
j−1
i+1 , ..., S
j
n = S
j−1
n ,
and
Sji = S
j−1
i ∪ {ui}.
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3. Denote S0 = S
|V |
0 , ..., Sn = S
|V |
n .
Following this algorithm, it is easy to see that for all i, m(Si) >
1
2(n+1)m(V ).
Therefore for every u ∈ V , we have that
m(u) < ω(n)
1
2(n+ 1)
m(V ) < ω(n)min{m(S0), ...,m(Sn)}.
By theorem A.1 there are sets Q0 ⊆ S0, ..., Qn ⊆ Sn such that for every 0 ≤ i ≤
n,
m(Qi) ≥ c(n)m(Si) ≥ c(n) 1
2(n+ 1)
m(V ),
and ⋂
(u0,...,un)∈Q0×...×Qn
conv(φ(u0), ..., φ(un)) 6= ∅.
Remark A.10. The reader should note that throughout this appendix, we did
not optimize our arguments to get the best constants.
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